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« n bamboos (or tasks), initially of height (or urgency) 0.

« At each discrete time step (forever):
« Each bamboo grows by g(e) (constant over time).

« The height of some bamboo may be cut down to O.

» Goal: minimize maximum height that ever occurs.

Question here:

« What height can be guaranteed for all instances?

. Normalization: assume ZZ= gle) = 1. g(1)=05 g(2)=02 gB3)=0.3
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Lower bound:

« 2 (simple instance)

Upper bound:

» 2 (for more general problem)

Algorithms:
« ReduceMax (“Greedy”): 2.07 < - <4

« ReduceFastest(x) (with a height at least x):

« For no x better than 2.01.

« Forx =1, exactly 3.

e Deadline-Driven Strategy: 2

[Tijdeman, Discr. Math. 1980]

Even works for the model where
one can only cut off min(/4,1)
from bamboo of height A.

| Kuszma

[Jasipfka, N

[ Kuszmaul, SPAA’22]

[ Kuszmaul, SPAA’22]
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The Combinatorial Version: Related Work

Originally introduced in the context of approximation algorithms. [Cicerone et al., CIAC'17]

When E is ground set, and ¥ is set of matchings in given graph (V, E), then problem has been
considered under the name polyamorous scheduling. [Gasieniec et al., FUN'24]

« Normalization i1s the same on bipartite graphs.
« Normalization is the same up to factor 3/2 on general graphs.

 Achievable height is known to lie between 2 (trivial) and 4. [Tm et al., Oper. Res. Lett. 2021]

Similar extensions have, e.g., also been considered for variants such as the adversarial variant
(cup games).
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For any schedule of length k exists element that is not cut. = Height k/2 € ®(log n) reached.
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Approach: see also [Cicerone et al., CIAC'17]
e Definer :=3-(Inn)/n.
 Partition £ into the following two sets, and handle them at alternating time steps:
e Eqlow = 1€e€E|g(e) <t}
» Consider elements ¢ € E¢14, One by one and choose arbitrary set/ € .¥ withe € 1.
» Bamboos will only grow to O(log n) .
e Erpgpi=1le€E|gle)>r1}.
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e Definer :=3-(Inn)/n.
 Partition £ into the following two sets, and handle them at alternating time steps:
e Eqlow = 1€e€E|g(e) <t}
» Consider elements ¢ € E¢14, One by one and choose arbitrary set/ € .¥ withe € 1.
» Bamboos will only grow to O(log n) .
e Erpgpi=1le€E|gle)>r1}.
 Interpret 4 as probability distribution, and draw every set independently from it.

o Prle € Ef, 4t exceeds height 3Innats] < (1 - g(e))>nnsle) < p=3Inn < =3,

. Pr[any element exceeds height 3 Inninntimesteps] <n-n-n>=n"! < 1.

» So length-n height-(3 In n) schedule exists; repeat forever.

Conclusion: Can guarantee precisely ®(log n).
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Special Set Systems

Matroids: A set system (£, %) is called a matroid if the following hold:

o [# 0

e Forall/ € .# and ]’ C ], it holds that I' € .¥ (downward-closed).

e Forall /;,l, € F with |I;| < |I,]|, there exists e € I,\I, such that /; U {e} € .7.

Some examples:
 uniform matroid (given integer k > 1):
e e Jif |I| Lk.
 graphic matroid (given undirected graph (V, E)):
e [ € F1if(V,]I)is forest.
o transversal matroid (for given bipartite graph (£ U V,, ') with bipartition E, V,):

« | € 7 it [ can be covered by a matching.
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Towards a Better Bound for Matroids

e Idea: Find schedule, such that, for any e € E and time ¢, e has been cut £ times where
|tg(e) — | < 1.

e Consider such e:

‘ first cut

time steps

‘ second cut

Thus: Feasible (in above sense) iff we cut according to basis of above transversal matroid M,
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Towards a Better Bound for Matroids: Proof Sketch

. Recall:Ve : g(e) = )

o Assume w.l.o.g. there does not exist A with )’ e s M) < land Ve : g(e) = >
Me1 Me2 Me3 Me4 Me5 Me6 Me7 Me8

time

le f.ecl

A(I) where Zlejxl(l) = 1.

lef:.e€l /1(1) )

Because of the above: want common basis.

Lemma: assigning g(e) to element (7, e)
corresponds to point in matroid-intersection

polytope.

« Essentially, use integrality of fractional
matching polytope in bipartite graphs.

Invoke integrality theorem for said polytope.
Get integral point with same sum of entries.

Corresponds to said common basis.
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Overview of Height Guarantees

upper bound lower bound
poly-time  existence
general set system O(log n) O(log n) Q(log n)
general matroids — 2 2
graphic matroids 4 2 2
laminar matroids 4 2 2
uniform matroids 2 2 o)

partition matroids p) 2 2
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The Pinwheel Scheduling Problem

Model: [Holte et al., HICCS'89]

1 tasks, each task e with frequency requirement
a, € N. n=3

» has to be scheduled at least every a, time steps. . .
a,:

« Goal: Compute perpetual schedule, scheduling one
task at a time, fulfilling all frequency requirements.

Question:

no schedule exists!

. What is the maximum density ZZ=1 1/a, that
guarantees that there exists a schedule?

« Was shown to be precisely 5/6 recently.  [xawamura, sTOC24]
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The Combinatorial Version

Model:
» n tasks, each task e with frequency requirement a, € N.

» has to be scheduled at least every a, time steps.
o A (downward-closed) set system ([7], -7).

 Goal: Compute perpetual schedule, scheduling some / € .7 at every time, fulfilling all
frequency requirements.

Question:

. Density: Minimum )’ 1« 7 A1) such that » e ey 2 1a, foralle.

« What is the maximum density that guarantees that there exists a schedule?

Using our Results on BGT:
« Threshold is at most 1/2 for matroids.

« Threshold is ®(1/log n) for general set systems.
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Covering version of Pinwheel Scheduling

. [Mishra, SODA’26]
e Exact denSIty threshold known. [Kawamura and Kobayashi, 2025]

k-visits problem (finite version of Pinwheel Scheduling). [Kanellopoulos et al., SODA26]
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Some of the many open problems:
« Vanilla version (one task per time step):
« Performance of simple algorithms (e.g., ReduceMax) for BGT.
« Complexity of BGT and Pinwheel Scheduling.
« Improved approximation algorithms for BGT.
« Matroid version (independent set per time step):
« Polynomial-time algorithm guaranteeing height 2 for combinatorial BGT.
« Exact density guarantees for Pinwheel Scheduling.
« Complexity and approximation algorithms.
» Beyond matroids:

e Close gaps for Polyamorous Scheduling.

« Consider general 2-systems or even k-Systems.



Thank You!



