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Why OR Scheduling Matters

Operating rooms are a high-stakes bottleneck.

@ ORs use scarce resources: rooms, equipment,
surgeons, anesthesiologists, and nursing teams.

@ ORs account for more than 40% of hospital cost
and revenue. (Denton et al. 2007, Freeman et al.
2016)

@ More than 60% of hospital admissions require

surgical intervention. (Guerriero and Guido 2011,

Fugener 2017)
Scheduling quality affects stakeholders differently.

@ Patients care about waiting and uncertainty.

@ Surgical teams care about overtime and disruption.

@ Managers care about utilization and quality.

& %
¢ ®

Surgical Treatment

Core tension

Tight schedules improve
utilization, but amplify delay risk
under uncertain durations.
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Why OR Scheduling Matters

Significance of scheduling: & %
@ Operating rooms (ORs) are valuable and limited. 5 é
@ Tremendous uncertainty in surgical duration. e [
o High rates of delay and overtime in practice. T s

Surgery types:

o(EIective surgery:]can be scheduled several weeks or more in advance.

e Emergency surgery: requires immediate surgical intervention, and is
usually conducted in specialized ORs.
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Challenge 1: What is the Objective?

Empirical evidence from prior studies

@ In the US, only 27% of surgeries start on schedule in one cited perioperative
workflow study. (Denton et al. 2007, Doebbeling et al. 2012)

@ At a German university hospital, 87% of elective cases started more than 10
minutes away from the planned start time; 26% started early. (Balzer et al. 2017)

@ In our real data, the average OR delay is 41.5 mins; 45% of surgeries have delays
> 30 mins, 24% have delays > 60 mins.

Implication for modeling

How should we balance the delay and idle time? Is the average enough?
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Challenge 2: How to Describe Uncertainty

Suppose three surgeries have the same mean but different uncertainty

Surgery | Mean duration | Variance Tail behavior
A 60 min Low nearly symmetric
B 60 min Medium | strongly right-skewed
C 60 min High symmetric
Put B first?

Variance is lower, but the long right tail of B
can create cascading delay for all following
surgeries.

Put C first?

Variance is higher, but a more symmetric
distribution may be easier to protect with
planned buffer.

Probability density

same mean
60 min
1

A: low variance

right-tail
) delay risk
B: right-skewed

C: high variance

30 60 90 120

Surgery duration (minutes)
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Challenge 2: How to Describe Uncertainty?

Duration uncertainty has shape.

@ Surgeries with the same variance can have
very different right-tail behavior.

@ In our real data, 88.7% of surgery types 6
with more than 10 samples are “
right-skewed. N

@ Right-skewness matters because long ”
procedures propagate delay to every ¢
following surgery. ’

Sequencing question o ° ! ;

Sample skewness

Should we sort surgeries only by variance, or
should the direction of uncertainty matter?
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Challenge 3: “To Follow" Practice

“To follow”: a surgery is conducted immediately after the preceding one.

Wait until the scheduled time “To follow” practice
. Surgery 1 Surgery 2 Surgery 1 Surgery 2
Scheduling \ ) . .
horizon — T ! — T ! . )
1 1 1 ! ! 1 1
: ! ! ! Idle time :
. I 1 1 1 1
Reality t — j { L )
T T | T T
Surgery 1 Idle time Surgery 2 Surgery 1 Surgery 2

@ Widely observed. (Pinedo 2012, van Essen et al. 2012, Balzer et al. 2017, Bai et al. 2020).

@ Real data: if the preceding surgery ends early, 65% of surgeries start early.
he preceding surgery ends early.
Negative values: earlier than the scheduled time.

Range of preceding delay (min) > 20 (10, 20] (0, 10] (—10, 0] (—20, —10] (—30, —20] (—40, —30] < —40
Q1 49.3 20.2 10.2 0.7 -8.7 -18.3 -24.9 -40.5
Start time delay Median 70.2 25.0 15.6 5.6 -0.3 -10.0 -18.4 -30.0
(min) Q3 104.3 30.7 23.6 139 5.8 -1.8 -4.0 -14.3
Mean 81.9 28.5 20.0 10.9 2.7 -4.2 -12.5 -25.6
Proportion (%) 60.3 9.5 7.6 6.9 5.4 3.7 2.3 4.3
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Challenge 3: “To Follow" Practice

“To follow” is not just a modeling convenience.

@ Surgical teams often operate sequentially in a block, creating a natural
incentive to continue immediately.

e Patients are usually asked to arrive before the scheduled surgery time. (Guda
et al. 2016, Bai et al. 2020)

@ The same practice has been observed across multiple hospital settings. (van Essen
et al. 2012, Balzer et al. 2017, Bai et al. 2020)

. . Observed practice
Conventional assumption - —
If the preceding surgery finishes early and

the next patient is ready, the next surgery
can start early.

A surgery cannot start before its
scheduled time.
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Research Question

Elective surgery sequencing and scheduling in a single OR

08:00 09:00 10:00 11:00 12:00 13:00 14:00 15:00 16:00 17:00 18:00

or NN IS

@ Input: surgeries and their historical data.
@ Goal: optimize the risk of the delay and idle time.
@ Settings and assumptions:

o “To follow" practice.
e Uncertain and independent surgical durations.

@ Decisions:

e Sequencing decision (Binary)
o Scheduling decision (Continuous)
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Literature Review

Methodology

@ Stochastic programming: Denton and Gupta (2003), Denton et al. (2007), Freeman et al.
(2016), Guda et al. (2016), Sauré et al. (2020), Yiu et al. (2024).

@ Distributionally robust optimization (DRO): Kong et al. (2013), Mak et al. (2014), Jiang et al.
(2019), Shehadeh et al. (2022).

Performance measures

@ Expected delay, idle time and overtime: Denton et al. (2007), Kong et al. (2013), Mak et al.
(2014), Jiang et al. (2019).

@ Chance constraints on acceptable overtime levels: Shylo et al. (2012).

@ Overtime risk based on exponential disutility: Qi (2016), Zhang et al. (2020).
Sequencing decision

@ Smallest variance first (SVF): Mak et al. (2014), Baker (2014), Otten et al. (2019).

@ Other heuristics: Mancilla and Storer (2012), Zacharias and Pinedo (2014).

@ Optimality condition for SVF: dilation order of durations (Guda et al. 2016).
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Gaps and Contributions

Gaps
e "To follow” practice.
@ Limited risk evaluation of delay and idle time.
@ The joint problem of sequencing and scheduling is challenging.
Contributions
@ Punctuality index: a new performance measure to evaluate the risk of delay and
idle time.
@ A novel and tractable model for both sequencing and scheduling.
@ Two simple heuristics: variance and directional deviations.

o Case study using data from a Singapore hospital.
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Notation

Decision variables and feasible regions
@ x;,: Binary decision of whether surgery n is assigned at position i.
@ s;: the scheduled start time of the surgery at position 4.
o S, X: feasible sets of decision variables s and «.
sz{seM\Sj <sjt1, j € [Nfl]},

X = {X e {0,1}VxN

Z xjnzlvje[N]v Z zj7l_17ne[N]}'

ne[N] JEIN]
Parameters
@ f,: the uncertain duration of surgery n € [N].

@ 71,7y tolerance levels for delay and idle time. For surgery at position j, we
expect its actual start time to lie within [s; — 72, 5; + 71].
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Risk-neutral Model

acceptable window

| | |
| | |
: : 1 actual start time
| | |
S§— Ty S s+ 1

idle time delay

Risk-neutral Model: minimizes the weighted sum of expected delay and idle time.

ctual start time + actual start time +
Z w1 E Z Z Tinkn|— 8541 — T1 w2 E Sj41 — Z Z Zintn
JjE[N—-1] ic(j] ne[N] i€[j] ne[N]

Expected delay of surgery at position j + 1 Expected idle time of surgery at position 7 + 1
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What We Need From a Risk Measure

The risk-neutral model helps, but it is not enough for our goal.
@ It measures average delay and average idle time.
@ It treats many small violations and large violations equally.

e It is harder to compute because decisions appear inside (-)7.

Desired properties
@ Reflect both the chance and the size of violations.
@ Penalize extreme outcomes (tail risk) for risk-averse decisions.

@ Keep enough structure so the combined sequencing-scheduling problem stays
tractable.
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Punctuality Index: Intuition

acceptable window

actual start time

! !
| |
l l
| | |

S — Ty S s+ 71

idle-time risk delay risk

@ The schedule is acceptable if the actual start time lies in [s — 72, s + 71].

@ Starting too early means resources are ready but the planned schedule has too
much slack.

@ Starting too late means patients and downstream surgeries wait.

Role of the Punctuality Index
Converts this two-sided risk into an optimization-friendly quantity. J
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Worst-case Certainty Equivalent

For an uncertain variable £ with ambiguity set IF, the worst-case certainty equivalent is
worst-case distributiT inlF .

t
~ alnfsupEp |exp [ — ||, fa>0
Call) = o (3]

lim., o C5 (%), ifa=0

Remark: a concept from exponential disutility theory.
Cu(t t - t
exp < o )> = supEp {exp <>] — C,(t) = alnsupEp [exp <>}
« PeF «Q PeF «

Properties

@ Monotonicity: C,(#) is decreasing in «;
@ Convexity: C,(%) is jointly convex in a and ¢;
o Additivity: Cy (1 + t2) = Ca(t1) + Cu(ts) if £ is independent with ¢5.
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Punctuality Index

Punctuality Index ps—7, 547, (t): V — [0, +]

Ps—1o,5+T11 (5) = inf {w1a1 + watr2 ‘Cal (5) <s+ T1, Ca2(_£) < _(S - T2)7 art, 2 > 0} )

v

o 69 1 e elltfer) Gass risk of delay risk of idle time
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Punctuality Index

Ps—12,5+T11 ({) = inf {wlal + warg |Co<1 (E) <s+ T1, Cag(*{) < *(5 - 7_2)70[13 (€5 Z O} )

Properties
@ Punctuality satisficing: ps—r, s+r (f) =0 if and only if P(s — 2 <t < s+ 71) = 1 for all
P e F;

@ Idle time intolerance: if %}H%EP [t] <s— 7o, then ps_ry s4r (f) = 00;
€

@ Delay intolerance: if supEp [t] > s+ 71, then ps_r, s4r, (1) = 00;
PEF

@ Punctuality guarantee: let (o}, ) denote the optimal solution in ps_., 54, (). For any
violation 6 > 0,

- 0 - 0
supP(t > s+ 7 +0) <exp (—*> , supP(t<s—m1—0)<exp (—*) .
PeF Qg PEF Qg
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Formulation

Ps—rg,54+71 () = inf {w1a1 + waarp |Ca1 ) <5+ 71,Coy (1) < —(5 = 72), 1,09 > 0},
Minimize the sum of Punctuality Indices ijz Psj—r2,5471 (Zie[jfl] ZHE[N] xthn)

inf E wi1aj + woao;
XEX,s€8,a1,02>0 ( J i)

JEIN—1] / risk of delay
s.t. Calj (Z Z Iznfn) < Sj+1 + 71, jE [N— 1],

sum of risk tolerances «

i€[j] ne[N]

Clorzs ( > > Imtn) < —(sjr1—m), JEIN-1]

iebne] isk of idle time

Additivity:
Cay; (Z Z :cmtn> Z Z ZinCay; (tn) < sj1+ 1,
1€

i€[j] n€[N] jl n€[N]

Cay; (‘ > 2 xin{n) =Y > zinCay; (~tn) < —(sj41 — 7).

i€[j] ne[N] i€[jlne[N]
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Distributionally Robust Optimization
From classical stochastic programming to DRO:
t
- alnsupEp [exp| — ||, ifa>0
Ca(t) = Peg PJ P <O‘>}
lim,wo C’7 (t), ifa=0
Ambiguity Set F:

Support Moments Structural Information

Optima\ Transport Cost

Statistical Divergence

\

KL Dlvergence [—"

#6) Tpra(X)

av)

Space X

Wiea) = [ dxix =T, (IP) + L2Wasserstein distance
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Special Case 1: Sequencing Decision

Dilation order: ¢; is smaller than #5 in the dilation order, denoted as t; <g; to, if
E[¢(t; — E[f1])] < E[é(ta — E[t2])] holds for any convex function ¢(-).

Proposition
If there exists a sequence (k1, k2, ..., ky) such that tg, <gir tky <dgil - - <dil tky, then
the sequence (ki, ko, ..., kn) is optimal.

o t, = Ep[ty] + kniin, @, are i.id.
@ Smallest Variance First (SVF): a special case with ¢(z) = 2.
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Special Case 2: Scheduling Decision

Given sequencing decisions, if w; = 0 (only idle time), the optimal scheduled start time
is .
8341 —Z Z Tin sup Ep, [tn] —71, j€[N-1].
1€[j] n€[N] Pr€ln
If wa = 0 (only delay), the optimal scheduled start time is

j+1 Z Z acmplrelf Ep, [tn] + 7, jEN-1].
i€[j] ne[N] "
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Special Case 3: Gaussian Case

When the surgery durations (£, ),ein] ~ N (pin, 07

e Optimal sequencing: SVF;

o Optimal scheduling: s}, ; = Z Z T M,
i€[j] n€[N]

+ VWI1T2 — /W2T1

VoL + i

)

je[N—-1].
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Solution Procedure

Proposition

The whole model is a mixed-integer convex optimization problem.

The subproblem (scheduling): given X, the problem is convex.
FX) = ses,;rll,fazzo Z (wWian; +wraz;)

JjEIN—-1]

s.t. Z Z 2inCay; (tn) < sj11+ 71,

i€[jlne[N]

D D @inCay; (~tn) < —(sj51 — 7,

i€[j]l ne[N]
The master problem (sequencing): minxcx f(X)

min ¢q .
YeX,q subgradient of f(X)

st g> f(X)+ , (Y - X))r, VX €X

jG[N—l],

jeN—1).

/ Replaced by Xpender
(Benders decomposition)
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Why SVF Can Fail

Smallest variance first (SVF)

@ Works under strong ordering conditions

such as dilation order. 16

@ Easy to implement and widely used as a
sequencing heuristic.

Frequency

@ But variance is symmetric: it does not
distinguish long right tails from long left
tails.

Key observation - ° ' : ’ )

Sample skewness

U'?d_er the _to follow” practice, a long right Most surgery duration distributions are
tail is especially costly because delays right-skewed in the data.
propagate forward.
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Two heuristics for C,,.

@ Standard deviation (SD): the induced sequence is exactly SVF.

Cal®) = Ep [f] +alnEs |exp (HEPWN

~ Ep[t] +alnEp 1+£_Iip 1] +(E_;E;P’2[ﬂ)2]
z 2

~ Ep [ﬂ—i—a%

= Ep [ﬂ—i—ﬂ.

2c
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Two heuristics for C,,.

e Forward and backward deviations (FBD)
Forward deviation (FD): () = | /sup,~o 2aCa (i — e [7]).

Backward deviation (BD): () = |/sup,o 20Ca (Es [7] — )
£(8)° ¢(#)?

20 2o’

Cy(t) =~ Ep [ﬂ + Co(—t) ~ —Ep [ﬂ +
FBD properties
o If Ep[t — Ep[7]]2 > 0, then £(3) > o(9). Further, if Ep[d — Ep[9]]® < 0, then
¢(0) > o(v).

o If the dilation order exists, both FD and BD have the same order.
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Data from a Singapore Hospital
@ Data on surgeries conducted each day and their actual durations.
@ 6 operating rooms; two years of data
@ 1,177 types of surgeries and 10,294 elective surgeries.
@ Among surgery types with more than 10 samples: 88.7% are right-skewed.
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Experimental Settings

e Data collection: rolling horizon.

Dayl Day2 Day3 Day4 Dayb5 Day6 Day7 Day8 Day9
| |
' “I( g
Historical data

o Effective instances: all surgeries have more than 10 historical samples.
@ Tolerance levels: 71 = 30, » = 15.

e Evaluation criteria: average, VaRg. 95, and CVaRggs5 of delay
d = max (a — s — 71,0) and idle time i = max (s — 2 — a,0), where a is the
actual start time.
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Benchmark and Risk-neutral Model

Benchmark: Use the empirical sample distribution to compute C,,.
Risk-neutral model:

+
E w1 E E E Tintn — Sj+1 — T1 + woE Sj+1 — E g Tintn — T2
je[N-1] i€[j] ne[N] i€[j] n€[N]
9 § —— B?nchmark - —e— Benchmark & —e— Benchmark
Risk Neutral Risk Neutral s Risk Neutral
8
50 %
@ 70
o7 1 g \ £ Q
g \ = s \ s. N\
= o 5 65 ‘.,
o 1\ 2 5 AN
T 5 B ° o
© \ w40 \ 8 60 \
g \ g \ < *~
o & . o
2 5 \. S 5 \. g 55 \.

25 5

5 6 7 8 9 30 35 40 45 50 55 65 70 75 80 85
Average delay VaR g5 of delay CVaRy 95 of delay
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Interpreting Risk-neutral Comparison

@ The Punctuality Index controls tail-sensitive schedule risk, not just average delay
or idle time.

@ Risk-neutral scheduling may seem better if we only target averages.

@ In high-delay-risk cases, the Punctuality Index improves trade-offs, especially for
VaRpos and CVaRy.os.

Takeaway

This measure is not just a preference; it moves schedules to better protect against
severe deviations from the acceptable window.
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Moment: DRO with ambiguity in the mean and mean absolute deviation.
Wasserstein-0: DRO with Wasserstein ambiguity; 6 is the Wasserstein radius.

Average idle time
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Interpreting DRO Comparison

@ The benchmark uses the empirical distribution.
@ DRO enlarges the set of plausible duration distributions.
@ This may be conservative for averages but reduces extreme delay and idle-time
risk.
Managerial interpretation

With limited samples, DRO asks: “Which schedules stay reliable if the empirical
distribution is slightly misspecified?”
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Benchmark and Heuristics

Results

SD: Heuristic based on standard deviation.
FBD: Heuristic based on forward and backward deviations.

9 % —e— Benchmark
~#-- Heuristic SD
= Heuristic FBD

Average idle time

5 6 7 8 9 10
Average delay

VaR.g5 of idle time
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VaRy g5 of delay
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@ )
3 a

CVaRy g5 of idle time
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Conclusions
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Interpreting Heuristics

@ SD is simple and matches SVF when the normal approximation holds.

@ FBD measures forward and backward deviations, so it handles skewed duration
distributions.

@ In our data, FBD is usually more robust than SD, with only a small loss versus the
exact benchmark.

Practical message
If the exact mixed-integer convex model is too costly, FBD gives a simple sequencing
rule that preserves the skewness information managers care about.
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Takeaways

Punctuality Index
o Interpretation: evaluates the risks of delay and idling, takes both the violation
probability and magnitude into account, and is risk-averse.
e Tractability: additivity and joint convexity.
@ Distributional flexibility: accommodates both known distributions and
distributional ambiguity sets.
@ Tractable formulation and solution method for both sequencing and scheduling
decisions.

Heuristics that consider the distributional asymmetry.
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