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1.1 PCB Assembly
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 Printed Circuit Board (PCB): Mother of Electronics
 China has 50% Market Share, 21 billion US dollars in 2025
 PCB Assembly is the Bottleneck of Electronics Production

Surface Mount Technology (SMT) Machine



1.2 Practice Case 
 TPV: Global leading monitor manufacturer
 One billion US dollor sales in 2025 (1.16%  )
 Fuqing factory (45 lines, 2000+ PCB types)
 Industrial 4.0 (Scheduling for bottleneck)
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1.3 PCB Assembly Scheduling
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1.4 Optimization Challenges
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1.5 Industry Practice – System Design
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1.6 Industry Implementation
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 Implemented at TPV’s Fuqing factory since 2022
 Subsequently deployed in Xiamen, Wuhan, and Thailand
 Save 1.65 million US dollars annually
 Throughput gain: Target CPH +10.3%; Actual CPH +6.8%.
 Achievement rate maintained at 99%–108%

PCB assembly scheduling system Demonstration



2.1 Feature-driven scheduling Problem 
Problem: Identical parallel machine scheduling problem (PMSP) for single/optimized double-sided PCBs.

Objectives: Minimize total completion time and makespan.

9
 Li, D., Ding, R., Liu, F., Wang R., Zhong, Y., "Feature-driven robust stochastic scheduling for printed circuit board assembly", European Journal of Operational Research, 

published online, 2026.

Features:
 Board type
Machine type
 Staffing situation
 Setup operation method
…

Features:
 Order quantity
 Process type
 Simulation cycle time
 Number of components
…



2.2 Literature Review
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3. Feature-driven Scheduling Model

Machine 1 Job 5 Job 2 Job 4
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position to the last

Example： 2 machines and 5 jobs with 𝑟௝ ൌ 0

Chang, Z., Ding, J. Y., & Song, S. (2019). Distributionally robust scheduling on parallel machines under moment uncertainty. European Journal of Operational Research, 272(3), 832-846.

• A feasible solution:

𝐶ହ ൌ  𝑝ହ ൅  𝑡ହ, 𝐶ଶ ൌ  𝐶ହ ൅  𝑝ଶ ൅  𝑡ଶ, 𝐶ସ ൌ  𝐶ଶ ൅  𝑝ସ ൅  𝑡ସ.

𝐶ଷ ൌ  𝑝ଷ ൅  𝑡ଷ, 𝐶ଵ ൌ  𝐶ଷ ൅  𝑝ଵ ൅  𝑡ଵ

𝐶ହ ൅  𝐶ଶ ൅  𝐶ସ ൌ  3 𝑝ହ ൅  𝑡ହ ൅  2 𝑝ଶ ൅  𝑡ଶ ൅  𝑝ସ ൅  𝑡ସ

𝐶ଷ ൅  𝐶ଵ ൌ  2 𝑝ଷ ൅  𝑡ଷ ൅  𝑝ଵ ൅  𝑡ଵ
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3.1 Feature-driven Uncertainty Modeling

Processing Time 𝒑෥ : Feature-Driven PredictionProcessing Time 𝒑෥ : Feature-Driven Prediction

PCB features Linear SVR Model Prediction

 Feature selection 
Quantity, Component Type, Simulated CT, Process Type 
 Prediction  
Keep the model linear and solvable 

Setup Time 𝒕෤ : Event-Wise Ambiguity Set

Setup Scenario Clustering Ambiguity Set

 Feature selection 
Component Type, Machine Type, Process Type 
 Set up scenario clustering  
K-Means, K-Means++ 

𝑝෤௝ ൌ 𝑔 𝒚௝ ൌ 𝜷ୃ𝒒 𝒚௝

Predictive Model Event-Wise Ambiguity Set

 Two Uncertainties Parameters

Chen, Z., Sim, M., & Xiong, P. (2020). Robust stochastic optimization made easy with RSOME. Management Science, 66(8), 3329-3339. 12



3.2 Feature-driven Robust Stochastic Optimization Model

• Objective (1) minimizes the expected total flow 
time under the worst-case distribution in ℱ.

• Constraints (2)–(4) ensure a feasible schedule.
• Constraint (5) caps the worst-case makespan

over ℱ by 𝜁𝐶௠௔௫ 𝐿𝑃𝑇 .
• Constraint (6) links processing time to job 

features via a linear prediction model.
• Constraint (7) enforces binary scheduling 

decisions.

Makespan: 𝜖-constraint

 Trade-off between timely delivery and efficiency

Total flow time 
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3.3 Robust Counterpart Model 

The FDRSO model can be transformed into a MILP problem.
FDRSO Model

A RO Model with Polyhedral 
Uncertainty Set

Deterministic MILP Model

Gurobi Solvers Branch-and-Price 
Algorithm

Proposition 1

14

The computation time becomes increasingly 
challenging as 𝑀 and 𝐽 grows. 



4. Branch-and-Price Algorithm
The B&P algorithm integrates column generation (C&G) and branch-and-bound (B&B) to effectively 
solve large-scale integer programming problems. 

 C&G solves the linear 

relaxation of the problem.

 B&B enforces integrality 

constraints to achieve global 

optimality. 

 A depth-first search strategy is 

employed in B&B tree.

Start

Initialize 𝑈𝐵 ൌ ∞, 𝐿𝐵 ൌ 0, generate root 
node by SPT and add it to the node set 𝑄.

Is 𝑄 empty?

End

Y

Construct and solve the RMP to obtain 
dual variables 𝜋௝, 𝜃.

Update and solve SP using the dual 
variables Are columns with 

negative reduced 
costs found?

N

Add new columns to RMP and repeat.

Y

N Is the solution 
integer feasible?

Solve RMP and update 𝑈𝐵 and 𝐿𝐵.

Y

Branching: Create two child nodes, add 
branching constraints to the RMP and SP 

of each node.

Update 𝑄 and repeat.

Update 𝑈𝐵 and 𝐿𝐵. If 𝑈𝐵 ൌ 𝐿𝐵, obtain 
the optimal solution.

N
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4.1 B&P: Master Problem 
Dantzig-Wolfe decomposition: Model (21) is reformulated into a master problem (MP) and 𝑀 independent 
subproblems (SP).

• Treat a machine schedule as a column/ partial 
schedule 𝑙 ∈ Ψ.

• 𝜙௟ ൌ 1 if 𝑙 is selected in the final solution, 𝜙௟ ൌ
0 otherwise.

• 𝑎௝௟ ൌ 1 if job 𝑗 is covered by 𝑙 for every 𝑗 ∈ 𝒥 and 
𝑙 ∈ Ψ, 𝑎௝௟ ൌ 0 otherwise.

• (22) minimize the total completion time of all selected 
partial schedules. 

• (23) ensures that each job is assigned to only one 
machine.

• (24) restricts the number of selected partial schedules to at 
most 𝑀.

• MP contains exponentially many decision variables 
(columns) and involves only 𝐽 ൅ 1 constraints.

The expected total completion time 
of partial schedule 𝑙

MP RMP RMPLP
𝜙௟ ∈ 0,1 െ→ 𝜙௟ ൒ 0A subset of the 

original decision 
variables (columns)
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4.2 B&P: Subproblems

• SP leverages dual information to compute the reduced 
cost of candidate columns not currently included in 
RMPLR. 

• Single-column pricing strategy in the C&G process.
• It finds the column with the minimum reduced cost and 

adds it to the RMP.
• 𝑋௝௞ be a binary variable indicating whether job 𝑗 is 

scheduled in the 𝑘-th position to the last.

the reduced cost of a new column

17



5.1 Computational Results and Analysis

Process 
type_Single

Process 
type_Double

Line 
type

Total number 
of 

components

Setup 
time

proces
s type

Average 
CT

Simulation 
CT

Number of 
component

s

Number of 
boards

Completed 
Quantity

Order 
quantity

Product 
TypeLineMachine typeBoard 

number

FALSETRUE3104420T60.8535348310631063HLCDSM22
ASMT***QU715***01

FALSETRUE386720T13.473028939181709HLCDSM22
ASMT***Q7715***01

FALSETRUE386720T40.19402893625625HLCDSM22
BSMT***Q7715***01

FALSETRUE3126340T52.7445421301015HLCDSM22
BSMT***Q1715***85

FALSETRUE1141820T75.45527092334334PDSM01
ASMT***Q2715***63

FALSETRUE1163020T2805481523030PDSM01
ASMT***Q3715***63

FALSETRUE1150220T755075129696PDSM01
ASMT***X2715***63

FALSETRUE1154340T12565154312424PDSM02
ASMT***Q3715***70

FALSETRUE1123020T44.636512301265656SMAR
T

SM02
ASMT***Q3715***37

FALSETRUE1108615T62.07563623174174HLCDSM05
ASMT***Q6715***17

FALSETRUE1108615T85.715636232020HLCDSM05
ASMT***Q9715***17

FALSETRUE1108615T1705636238888HLCDSM05
ASMT***Q9715***17

FALSETRUE192415T1655030836060HLCDSM05
ASMT***Q2715***17

FALSETRUE192715T262.55630932424HLCDSM05
ASMT***Q6715***17

 Data source: Real-world SMT 

production dataset from a leading 

electronics manufacturer 

(Fuzhou, China), including 

24,648 records over 12 months.

 40 instances generated across 

line types (large/medium/small) 

with multiple (𝑀,𝐽) 

combinations. 

 Setup scenarios derived from 

clustering.

Partial production data information for PCB orders
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5.1 Processing Time Empirical Evidence

Bertsimas等人[53]的研究

• Even for the same PCB on the same machine, real-world 
variability causes processing times to be highly uncertain.

19



5.1 Processing Time Prediction

Bertsimas等人[53]的研究

 Data cleaning and preprocessing 

• The post-cleaning visualizations show a more stable 
and consistent weak linear trend

• One-hot for categorical features.
• Standardize continuous features.

 Feature selection
• Use correlation analysis + mutual information to 

assess relevance.
• Selected predictors: order quantity, total 

component count, simulation CT, process type.

20



5.1 Processing Time Prediction Model Selection

Bertsimas等人[53]的研究

linear models are chosen for integration into the MILP/RSO framework

• Linear SVR achieves the best MAE/MAPE on 

medium- and large-order lines.

• When embedded into FDRSO (compared with 

Lasso/Ridge), Linear SVR yields consistently better

objective values, with a 2–7% improvement, while 

runtime differences are minor.
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5.2 Analysis of Setup Time Scenarios

 Use clustering to differentiate setup-time 
scenarios and build an event-wise ambiguity set.

Bertsimas等人[53]的研究

 Feature selection for clustering Ambiguity set for setup time

How to set the number of scenarios?

22



5.2 Analysis of Setup Time Scenarios

Bertsimas等人[53]的研究

 Comparison of clustering method

• K-means / K-means++ consistently best (lowest SSE & 

highest CH).

• Clustering method: K-means (simplicity + stability).

• 𝐾 ൌ 3 enables the construction of a 
representative and computationally 
tractable event-wise ambiguity set.

 Feature selection for clustering

23

 Calinski-Harabasz (CH) index



5.2 Analysis of Setup Time Scenarios

Bertsimas等人[53]的研究
• Selecting the number of setup scenarios trade-off between 

solution accuracy and computational efficiency.
• 𝑆=9 is suitable for smaller plants with acceptable 

computation.
• 𝑆=3 offers a near-optimal and practical choice for real-world 

PCB assembly scheduling.
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5.3 Algorithmic Performance Comparison

Bertsimas等人[53]的研究

 Small instances: Gurobi can be faster.

 As scale grows: Gurobi runtime increases sharply and 

often fails to find a feasible solution within 1 hour.

 Large instances: B&P remains reliable and solves to 

optimality.

 Medium-to-large instances, 20 test instances, each solved by B&P and Gurobi

 50 repetitions per instance, report average objective value and runtime.
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5.4 Efficiency of Feature Driven Approach

Bertsimas等人[53]的研究

 Benchmarks

• Compare FDRSO (with linear 

SVR) against SAA and DRO to 

assess solution quality and 

computational efficiency.

• DRO: FDRSO with 𝑆=1

(moment-based DRO without 

scenario differentiation).

 Small-scale instances
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5.4 Efficiency of Feature Driven Approach

Bertsimas等人[53]的研究

 Medium-and large-scale instances  Objective value
• FDRSO achieves the lowest objective, the advantage 

increases with problem size.
• SAA performs worst, DRO is intermediate.
• Average objective improvement:

• vs SAA: 42%–52% reduction.
• vs DRO: 23%–33% reduction.
• Larger gains observed for larger 𝐽.

 Runtime
• FDRSO is slightly slower than DRO (more 

scenarios/complexity), but substantially faster than SAA.
• When 𝑆=9, FDRSO remain within a few seconds for 

small-scale instances and scale stably with size.
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5.5 Analysis of Makespan Constraint

Bertsimas等人[53]的研究

• Too-tight bounds ⇒ infeasibility.
• After feasibility is reached, increasing 𝜁 further has minimal 

effect on objective, but runtime decreases as 𝜁.
• 𝜁=2 provides the most stable and efficient performance for 

large-scale, uncertain PCB scheduling.

 Why a makespan constraint?

• Use 𝐶௠௔௫ as an 𝜀-constraint to cap schedule 

length while optimizing customer-oriented 

objectives.

• Bound is based on an LPT-derived upper bound

and scaled by a slack factor 𝜁.

 Why slack is needed?

• The initial 𝐶௠௔௫ is computed using predicted 

processing times + average setup times.

• LPT bound can be unreliable when processing 

times are similar, setup-time uncertainty further 

weakens makespan estimation.
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6. Summary and Future Work

Bertsimas等人[53]的研究

 Summary
 Proposed a feature-driven robust stochastic scheduling framework. 

 Integrated: prediction, event-wise ambiguity sets, robust optimization. 

 Developed an efficient Branch-and-Price algorithm. 

 Outperformed SAA and traditional DRO methods. 

 Successfully implemented in industrial PCBA systems. 

 Future Work
 Reinforcement learning-based dynamic / online rescheduling. 

 Energy-aware and multi-factory scheduling. 

 LLM supported algorithm design.
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