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(o] Jelele]

Resource leveling

@ In resource leveling, no
hard constraints on
resources

o Objective function
penalizes irregularities in
resource use

o Total overload cost:
minimizing the resource
use exceeding a level L

e Equivalent to maximizing
the resource use that fits
under level L
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Resource leveling

Problems under consideration

o A set of jobs J, with processing times
o A (target) resource level L
o Objective: try not to exceed this level
— ideally no more than L jobs in parallel
— Max the load that fits under this level L: function F
o Under a makespan deadline M

o and various constraints or cases, such as:

o Precedence constraints
o Unit processing times
o ...
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Resource leveling

@ ©O—W

@ 12 jobs with processing times

p; = 1, with precedence constraints B —(3) | @) m}})

o Resource level L =2
o Makespan deadline M.

O—0O—E—0—06
Precedence graph G
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Resource leveling

@ 12 jobs with processing times Q ©O—@
p; = 1, with precedence constraints B —(3) | @) Kf})
@ Resource level L = 2
O—@—0—0O—0
o Makespan deadline M.

Precedence graph G

 CRICOCIc R OOMCIOIC Il CIOMO)e
00600, [0 600 067100

Séminaire Parisien d'Optimisation



Introduction
0000e

Table of complexity results
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Resource leveling

L2|prec,p; = 1, Crpge < M|F
@ n jobs with processing times @ (Or—@W
p; = 1, with precedence constraints
o Resource level L = 2 Q8|9 r‘;@
o Makespan deadline M. O—O——0—0
o Maximize F. Precedence graph G
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Resource leveling

pi=1, Gmaa: < ]\[’F

@ n jobs with processing times @ (O—@1)
p; = 1, with precedence constraints & | @
o Resource level L =2 ,_;32)
o Makespan deadline M. O—O——0—0
s Precedence graph G
o Maximize F. )

@ Q1: can | know if everything can fit or not?
— OPT =) p;i=n?

O
©)

o0

OPT=12 M
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Resource leveling

L2|I)7’€C, pi = 1,Cnaz < ]\[’F
@ n jobs with processing times
p; = 1, with precedence constraints

o Resource level L =2

@ ©O—W

G@@

o Makespan deadline M. O—@O—0—®

o Maximize F'.

v

Precedence graph G

@ Q1: can | know if everything can fit or not?

— OPT =) p;=n?

Equivalent to the well-known Ps|prec, p; = 1|Cpyax problem ...
.. .solvable in polynomial time (Fujii, Kasami, and Ninomiya

(1969)).
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Solving Q1, or P2|prec, p; = 1|Chaz
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A tractable case
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Solving Q1, or P2|prec, p; = 1|Chaz

O O—@O @@@
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Precedence graph G Independence graph G
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A tractable case
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Solving Q1, or P2|prec, p; = 1|Chaz
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Feasible schedule ~
Independence graph G
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Solving Q1, or P2|prec, p; = 1|Chaz

QO QO
O 3 WO

Feasible schedule

0.

Independence graph G
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Solving Q1, or P2|prec, p; = 1|Chaz

QO OO
O 2 WO

Feasible schedule

Independence graph G

Schedule of makespan |J| — m = matching of size m in G
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Solving Q1, or P2|prec, p; = 1|Chaz

QO QO
O 3 OO

Feasible schedule

@

Independence graph G

Theorem (Fujiil969)

Schedule of makespan |.J| — m < matching of size m in G
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Solving Q1, or P2|prec, p; = 1|Chaz

QO QO
O 3 OO

Feasible schedule

@

Independence graph G

Theorem (Fujiil969)

Schedule of makespan |.J| — m < matching of size m in G

m* size of a max matching in G < minimum makespan is |J| —m*
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Solving L2|prec,p; =1, Cpae < M|F

o QI: when does OPT = |J|?
— When M > |J| — m* Fran
using [Fujii et al, 1969] S A

[J-m* M
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Solving L2|prec,p; =1, Cpae < M|F

o QI: when does OPT = |J|?

— When M > |J| — m* Fran
using [Fujii et al, 1969] L —
e Q2 '

P critical path in G
No feasible schedules for
M < |P|

@Q O—m

66@@
O—@O—0—0—0

Critical path in precedence graph G

|P| J=m M
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Solving L2|prec,p; =1, Cpae < M|F

o QI: when does OPT = |J|?

— When M > |J| — m* Fran
using [Fujii et al, 1969] [J[fmmmmmmmmee
e Q2

P critical path in G
No feasible schedules for
M < |P|

@Q O—m

66@@
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Critical path in precedence graph G

— Q2: can we solve the P
problem for M = |P|?
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Solving L2|prec,p; =1, Cpae < M|F

o QI: when does OPT = |J|?

— When M > |J| — m* Fran
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P critical path in G
No feasible schedules for
M < |P|

@Q O—m
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Critical path in precedence graph G

— Q2: can we solve the P
problem for M = |P|?
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A tractable case
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Solving Q2: when M = size of a critical path

@@@

O—O—0C—0
Precedence graph G
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A tractable case
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Solving Q2: when M = size of a critical path

Q—Q | @ e
Vi ® IR

&) &) @
Precedence graph G Independence bipartite graph Gp
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A tractable case
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Solving Q2: when M = size of a critical path

O -

Q@ [0®
OECIoN

Feasible schedule

Independence bipartite graph Gp
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A tractable case
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Solving Q2: when M = size of a critical path

CO%

® DO
©)

Independence bipartite graph G
Feasible schedule P P graph Gp

Theorem (“Fujii-like”)

OPT = |P| 4+ m}, where P = critical path and m}, = size of a
max matching in Gp.
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Solving L2|prec,p; =1, Cpae < M|F

o M >|J|—m*: OPT =|J|

(Ql,Fujii et al. 1969) F*(M)

[J| —m* M
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A tractable case
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Solving L2|prec,p; =1, Cpae < M|F

o M >|J|—m*: OPT = |J|
(Q1,Fujii et al. 1969) (M)
o M = |P|: OPT = |P|+m} L —
(Q2, previous slide) '
m}p the size of a max
matching in Gp

|P|+m}

|P| [J| —m* M
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A tractable case
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Solving L2|prec,p; =1, Cpae < M|F

o M >|J|—m*: OPT =|J|

(Ql,Fujii et al. 1969) F*(M)
OM:‘P‘ OPT:|P’—|—m}; 1]
(Q2, previous slide)
m}, the size of a max
1 H ~ |P| +2m*
matching in Gp i

o |[P| <M < |Pl+m* —mp:
optimal objective function
has slope 2

"
|P]+mip slope = 2

|P| |P|+m* —mp |J|—m* M
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A tractable case
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Solving L2|prec,p; =1, Cpae < M|F

o M >|J|—m*: OPT =|J|
(Q1,Fujii et al. 1969)

o M =|P|: OPT = |P|+m}
(Q2, previous slide)
m}p the size of a max
matching in Gp

o |[P| <M < |Pl+m* —mp:
optimal objective function
has slope 2

o |Pl+m*—mp <M<
|J| — m*: optimal objective
function has slope 1

F*(M)

71

|P| + 2m*
—mp

1P|+ m3

slope = 2 1 slope = 1
|P| |P|+m* —mp |J|—m* M
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Solving L2|prec,p; =1, Cpae < M|F

L2|prec,p; = 1, Cppax < M|F is polynomial-time solvable I
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Solving L2|prec,p; =1, Cpae < M|F

L2|prec,p; = 1, Cppax < M|F is polynomial-time solvable I

What about non unit processing time? I

The problem becomes strongly NP-hard
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Solving L2|prec,p; =1, Cpae < M|F

L2|prec,p; = 1, Cppax < M|F is polynomial-time solvable \
What about non unit processing time? \

The problem becomes strongly NP-hard

What about L = 3 (with p; = 1)7
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Solving L2|prec,p; =1, Cpae < M|F

L2|prec,p; = 1, Cppax < M|F is polynomial-time solvable \
What about non unit processing time? \

The problem becomes strongly NP-hard

What about L = 3 (with p; = 1)7

It is an open question!
L3|prec,p; = 1, Cpyax < M|F is strongly related to machine
scheduling problem P3|prec,p; = 1|Cpaz- - -
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A tractable case
O000000e

Solving L2|prec,p; =1, Cpae < M|F

L2|prec,p; = 1, Cppax < M|F is polynomial-time solvable \
What about non unit processing time? \

The problem becomes strongly NP-hard

What about L = 3 (with p; = 1)7

It is an open question!

L3|prec,p; = 1, Cpyax < M|F is strongly related to machine
scheduling problem P3|prec,p; = 1|Cpaz- - -

which is of unknown complexity!
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Approximation results

Polynomial cases are restrictive

3Complexity f(¢)p(n). A PTAS can be deduced from [Gyérgyi,Kis, EJOR
2020]

Yif NP ¢ .., BPTIME(2")

®Bendotti, Brunod Indrigo, Chrétienne, Escoffier, Theoretical Computer
Science 2025.
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Approximation results

Polynomial cases are restrictive — improved tractability of more
realistic yet IV P-hard cases through approximation results

3Complexity f(¢)p(n). A PTAS can be deduced from [Gyérgyi,Kis, EJOR
2020]
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Polynomial cases are restrictive — improved tractability of more
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2020]
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Inapproximability

Proposition

Liprec, Copar < M|F  admits no PTAS under a classical
complexity assumption.
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Libipartite,p; = 1, Crpae < 3|F admits no PTAS under a classical
complexity assumption.

o Holds even if prec = bipartite, p;, =1 and M =3
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Inapproximability

Proposition

Libipartite, p; = 1, Crpae < 3|F admits no PTAS under a classical
complexity assumption.

o Holds even if prec = bipartite, p;, =1 and M =3

o Reduction from a Balanced Bipartite Independent Set Problem
(Khot2006)
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Inapproximability

Independent Set

Find a set S, |S| > k, of pairwise
non adjacent vertices

o Hard problem (hard to
approximate as well)

o Easy in bipartite graph ...
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Inapproximability

Independent Set

Find a set S, |S| > k, of pairwise
non adjacent vertices

o Hard problem (hard to
approximate as well)

’ n o Easy in bipartite graph ...

o ...Balanced version is hard: find
an IS S with [SN J;| > k and
|S N J2| > k.

No PTAS under some
complexity assumption
((Khot2006)).
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Inapproximability

Proposition

L|bipartite, p; = 1, Cypax < 3|F admits no PTAS under a classical
complexity assumption.

o Holds even if prec = bipartite, p;, =1 and M =3
o Reduction from a Balanced Bipartite Independent Set Problem
(Khot2006)
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Inapproximability

Proposition

L|bipartite, p; = 1, Cypax < 3|F admits no PTAS under a classical
complexity assumption.

o Holds even if prec = bipartite, p;, =1 and M =3
o Reduction from a Balanced Bipartite Independent Set Problem
(Khot2006)
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Approximation results
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Crmax <M 0 ‘ in-tree
L=2 str. N P-hard o NIP—Qan
ratio £
L=3 EPTAS Str'raNtif_?ard
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2

Approximation of resource leveling problems’

Sif NP ¢ .., BPTIME(2")
"Bendotti, Brunod Indrigo, Chrétienne, Escoffier, Theoretical Computer
Science 2025.
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Llprec, Cpape < M|F: A list algorithm

A feasible solution for L|prec, Cpar < M|F can be built using a
simple list algorithm
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Llprec, Cpape < M|F: A list algorithm

A feasible solution for L|prec, Cpar < M|F can be built using a
simple list algorithm
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Il
Lo}

1

1

1

1

1

1

1

[

1

1

1

1

1

1

1

1

@ Jobs scheduled in a topological order
@ Trying not to exceed L
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Llprec, Cpape < M|F: A list algorithm

A feasible solution for L|prec, Cpar < M|F can be built using a
simple list algorithm

h
Il
)
o
1
1
1
1
1
1
1
1
1
1
1
1
]
o

@ Jobs scheduled in a topological order
@ Trying not to exceed L
o Exceeding L when forced by a critical path
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@ Jobs scheduled in a topological order
@ Trying not to exceed L
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@ Jobs scheduled in a topological order
@ Trying not to exceed L
o Exceeding L when forced by a critical path
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A feasible solution for L|prec, Cpar < M|F can be built using a
simple list algorithm

Do
ot

1 3 4
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@ Jobs scheduled in a topological order
@ Trying not to exceed L
o Exceeding L when forced by a critical path
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Some approximation results
0000000e00000

Llprec, Cpape < M|F: A list algorithm

A feasible solution for L|prec, Cpar < M|F can be built using a
simple list algorithm

(9]
8
N - 4
— Optimal schedule
6 1
L= 2f——mmmmmnn e L=2
2 5 3 50719
1 3 4 1 2 |4]6]8|
M M
@ Jobs scheduled in a topological order
@ Trying not to exceed L
o Exceeding L when forced by a critical path
o Not optimal
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The list algorithm has approximation ratio at most % for
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The list algorithm has approximation ratio at most % for
L2|prec, Cpax < M|F

Idea of proof:

L
R e AR
k M =3k+1 k 2k M =3k+1
List algorithm schedule Optimal schedule
o For k € N, there is an instance with approximation ratio %
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Approximation of L2|prec, Cpar < M|F

The list algorithm has approximation ratio at most % for
L2|prec, Cpax < M|F

Idea of proof:

L
R e AR
k M =3k+1 k 2k M =3k+1
List algorithm schedule Optimal schedule
o For k € N, there is an instance with approximation ratio %

o The ratio can be arbitrarily close to % for large k
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ﬁpg .y L
P, P.
L=29 3 3

P, 2 Py P Py

Séminaire Parisien d'Optimisation



Some approximation results
0000000008000

Approximation of L2|prec, Cpar < M|F

The list algorithm has approximation ratio at least % for
L2|prec, Cpox < M|F

Idea of proof:

ﬁpg .y L
P, P.
L=29 3 3

P, 2 Py P Py

Séminaire Parisien d'Optimisation



Some approximation results
0000000008000

Approximation of L2|prec, Cpar < M|F

The list algorithm has approximation ratio at least % for
L2|prec, Cpox < M|F

Idea of proof:

ﬁpg .y L
P. P.
L=29 3. 3

P, B, Py ~Pp, Py

° F(:c) =P+ P
@ Impossible to schedule P; and Pj in parallel due to precedence
constraints = F* < F(z) + P
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Idea of proof:

ﬁpg .y L
P. P.
L=29 3. 3

P ‘Pl Py P

\Pl

° F(:c) =P+ P

@ Impossible to schedule P; and Pj in parallel due to precedence
constraints = F* < F(z) + P

o Natural bound: F* <2M = P, +2P;
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Approximation of L2|prec, Cpar < M|F

The list algorithm has approximation ratio at least % for
L2|prec, Cpox < M|F

Idea of proof:

ﬁpg .y L
P. P.
L=29 3. 3

P, B, Py

\Pl

° F(:c) =P+ P

@ Impossible to schedule P; and Pj in parallel due to precedence
constraints = F* < F(z) + P

o Natural bound: F* <2M = P, +2P;

e Summing up to: 2F* < 3F(x)
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Proposition

The list algorithm has (tight) approximation ratio % for
L2|prec, Cpaz < M|F
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Some approximation results
0000000000800

Approximation of L2|prec, Cpar < M|F

Proposition

The list algorithm has (tight) approximation ratio % for
L2|prec, Cpaz < M|F

What about L = 37 I

Proposition

. . . . . . 3
The list algorithm has (tight) approximation ratio = for
L3|prec, Crax < M|F
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Approximation of L3|prec, Cpar < M|F

The list algorithm has approximation ratio at most % for
L3|prec, Coaz < M|F
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Approximation of L3|prec, Cpar < M|F

The list algorithm has approximation ratio at most % for
L3|prec, Coaz < M|F

L=3 :
N J! J"
Jchain
2%k M =5k+1
48 ] ]
(hit List algorithm schedule
- L=3
Ge—L
% _Jchain
E1S 3k M =5k+1

Instance Optimal schedule
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Approximation of L3|prec, Cpar < M|F

The list algorithm has approximation ratio at least % for
L2|prec, Cpaz < M|F
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Some approximation results
000000000000 e

Approximation of L3|prec, Cpar < M|F

The list algorithm has approximation ratio at least % for
L2|prec, Cpaz < M|F

Proof also based on volume of groups of tasks (but more involved!)

R T R
L3 4 4
P, Py a P, P3 P, a Py a
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Some open questions

o Complexity of L3|prec,p; =1, Cpae < M|F
o Is Liprec, Cpyar < M|F approximable within constant ratio?
o Improved ratios (PTAS?) for L =2,3,...7
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o Nothing prevents variations or high peaks in resource use
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@ Other objective functions penalize such behaviors (e.g.,
resource investment cost, squared changes in resource request)
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Conclusion

Resource Levelin

Liprec, Cpar < M|?

o Function F only penalizes the amount of resource overload

o Nothing prevents variations or high peaks in resource use

S+l <[=]=]

M
@ Other objective functions penalize such behaviors (e.g.,
resource investment cost, squared changes in resource request)

o Bi-objective problems could be considered to combine resource
leveling with another objective (e.g., maximum resource use)
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L|Chaw < M|F: Efficient PTAS

Configuration LP

o Configuration: description per machine/resource unit, with job

types
— Config c1: 3 jobs of proc. time 2 and 4 jobs of proc. time 4.
— Set C = {c1,...,cp} of possible config. per resource unit.
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— Config c1: 3 jobs of proc. time 2 and 4 jobs of proc. time 4.
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@ Solution = x;,7 = 1...p: number of config ¢; used.
— sz =1L
o ILP: (integer) variables z;
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— Set C = {c1,...,cp} of possible config. per resource unit.

@ Solution = x;,7 = 1...p: number of config ¢; used.
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To work we need to bound p:
@ Bound the number of different processing times

@ Bound the number of jobs per machine
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o Configuration: description per machine/resource unit, with job

types
— Config c1: 3 jobs of proc. time 2 and 4 jobs of proc. time 4.
— Set C = {c1,...,cp} of possible config. per resource unit.

@ Solution = x;,7 = 1...p: number of config ¢; used.
— sz =1L
o ILP: (integer) variables z;

To work we need to bound p:
@ Bound the number of different processing times

@ Bound the number of jobs per machine

as a function of € for (1 — €)-approximation algorithm.
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L|Chaw < M|F: Efficient PTAS

To work we need to bound p:
o Bound the number of different processing times
@ Bound the number of jobs per machine

as a function of € for (1 — €)-approximation algorithm.

For L|Cypaz < M|F:
o Reformulate the problem — “resource unit view”
o Small jobs, p; < eM: can be removed and dealt with later

o Either there is a spot of eM — put the job.
0o Or... F(S)>(1—€¢ML>(1—-¢€)OPT.

L
- |>L|| l
| | L]

(l-s)lM M (1M M
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To work we need to bound p:
@ Bound the number of different processing times
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as a function of € for (1 — €)-approximation algorithm.

For L|Cpazx < M|F:
o Reformulate the problem — “resource unit view”
o Small jobs, p; < eM: can be removed and dealt with later
o Either there is a spot of eM — put the job.
o Or... F(S)>(1—-¢ML > (1-¢)OPT.
o Now p; > eM — so at most 1/e€ jobs per resource unit.
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To work we need to bound p:
@ Bound the number of different processing times
@ Bound the number of jobs per machine

as a function of € for (1 — €)-approximation algorithm.

For L|Cpazx < M|F:

o Reformulate the problem — “resource unit view”

o Small jobs, p; < eM: can be removed and dealt with later
o Either there is a spot of eM — put the job.
o Or... F(S)>(1—-¢ML > (1-¢)OPT.

o Now p; > eM — so at most 1/e€ jobs per resource unit.

@ Round the p;:

1—e)fM<pi<(1 - IM = p,=(1—eFM.
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L|Chaw < M|F: Efficient PTAS

To work we need to bound p:
@ Bound the number of different processing times
@ Bound the number of jobs per machine

as a function of € for (1 — €)-approximation algorithm.

For L|Cpazx < M|F:

o Reformulate the problem — “resource unit view”
o Small jobs, p; < eM: can be removed and dealt with later
o Either there is a spot of eM — put the job.
o Or... F(S)>(1—-¢ML > (1-¢)OPT.
o Now p; > eM — so at most 1/e€ jobs per resource unit.
@ Round the p;:
1—e)fM<pi<(1 - IM = p,=(1—eFM.
— factor (1 — €) in the rouding
— ~ log;_.(€) different processing times.
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Bad list algorithm approximation ratio for large L

repeated k — 1 times

Iy : : : repeated d times

N 3 a 1 a__] - |u

chain of d — 1 jobs

dL independent jobs L independent jobs

Instance leading to arbitrarily small approximation ratio

Séminaire Parisien d'Optimisation



Bad list algorithm approximation ratio for large L

]
I e I o
L L L Other jobs
L — — L N
Iy
I i P I O | | I I3 | | I | | T IR e | I
e Ui 08 |
d M=kd+1 M=kd+1
List algorithm schedule Optimal schedule
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Resource leveling (main) criteria

ut = resource consumption at time step ¢

© 6 06 ¢

Total overload cost (=F)

Resource Investment cost: Minimize max: us

Square resource used: Min 3=, uZ (or its variant 3, (u¢ — L, 0)2.
Absolute variations: >, |ug41 — ue|

Squared absolute variations: >_, (us41 — u — t)2

Usually considered for problems with multiple resources (RCPSP)
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Some related works

@ P. Gyorgyi, T. Kis, A common approximation framework for early work, late
work, and resource leveling problems, EJOR (2020). — A PTAS for
L|Cmaz < M|F.

@ S. Hartmann, D. Briskorn. An updated survey of variants and extensions of the
resource-constrained project scheduling problem, EJOR (2022). — Review on
RCPSP, including resource leveling.
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