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Constraint Programming 7" Al Institute for Advances
in Optimization

» |[EEE Software 2010

— “The application and importance of CP has grown remarkably in
the past two decades”

» OR/MS August 2011
— “A must-have tool for any O.R. Practitioner’s toolkit”
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» “If you only knew optimization from 10 years ago, you
probably don’t have the techniques needed to solve real-
world sport scheduling problems”

— Mike Trick, Professor at CMU, 2008

» “The following do make a big difference (and are much more
recent ideas)”
— Complicated variables
— Large neighborhood search
— Constraint programming (ideally combined with integer programming).
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2010-2019

A In Review

Pascal Van Hentenryck, Copyright 2021-2022



O Utl | n e ﬁl Institute for Advances
in Optimization
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Brief overview to constraint programming
Scheduling with constraint programming
Hybridizing constraint programming and MIP
Learning-based constraint programming
Learning Optimization Proxies

v Vv Vv Vv
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Constraint Programming (o s for avarces

» A language for combinatorial optimization
— Expressing substructures of applications
— Expressing constraints at a high level of abstraction
— Programming search
» A computational approach to optimization
— Focus on feasibility
— Focus on pruning infeasible solutions
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You Must Unlearn
What You Have Learned
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» One of the killer applications for constraint programming
— heavily used in industry
— many MIP models face significant challenges

» Modeling layer
— high-level concepts for scheduling

» Dedicated solving capabilities
— sophisticated algorithms
— lower bounds
— branching strategies
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What is an Interval Variable? (7 sttt for dvances
in Optimization

» An object that has
— a start variable
— an end variable
— a duration variable (possibly a constant)

» ldeal for scheduling

start end
activity Time
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» Durations can be a variable as well

dvar interval x in 0..1000 size 1n 10..20;

0 [10,20] 1000

- >
E— —_— - Interval variable — — —]
Time
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Jobshop Scheduling

» We are given a set of jobs

__eaCh:AL;h.-A.AHHA_A..AIL--L-
h nbJobs = 6;
— eac nbMachines = 6;
— each
op = [
— each <5,4>, <1,3>, <4,3>, <3,2>, <0,1>, <2,2> 1,

<1,3>, <0,8>, <5,7>, <2,2>, <4,9>, <3,3>

[ ]
[ Il ;
» Weal | 37700 ilos <1.95, <0.7>, <5.55, <2.5> ],
_eaCh [ <318>r <412>/ <lrl>r <517>r <218>l <O/9> ]/
[ <1,6>, <3,2>, <4,5>, <5,5>, <0,3>, <2,1> 1,
) Theg [ <4,10>, <2,4>, <0,4>, <3,3>, <1,2>, <5,3> ]
17

— the to
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Jobshop Scheduling

int nbJobs = ...;

int nbTasks = ...;

range Jobs = 0..nbJobs-1;

range Tasks = 0..nbtasks-1;

tuple Operation {int machine; int pt; };
Operation op[Jobs,Tasks] = ...;

dvar interval act[] in Jobs,o in Tasks] size op[],o0] .pt;
dvar sequence machine[m in Machines] in
all(j in Jobs,o in Tasks: op[j,o0] .machine == m) act[]j,o];

minimize max (] in Jobs) endOf (act[]j,nbTasks-11]):;
subject to {
forall (m in Machines)
noOverlap (machine[m]) ;
forall (J in Jobs, o in 0..nbTasks-2)
endBeforeStart (act[j,o],act[],0+1]);

Pascal Van Hentenryck, Copyright 2021-2022
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in Optimization

= = Ul
Machines...| Count { 0o [ofoooo]o[o[o [10]i0]i0]10] 20 [10] 1020 [1010[20 [20 20 [20 |20 [20 [20 |20 [20 [20 [20 [0 [20 [20 [20 [20 [30 [20 [20 [30 [40 [40 [40 [40 [40 [40
101 [2[3 04|56 |7 [8 [9 [10][11 |12 (15 (14 [15 |16 [17 16 [19 [20 [21 [22 [23 [4 [25 [26 [27 [28 [29 20 [31 [32 [33 [34 |35 [36 |37 (38 [39 [40 [41 [42 [43 [44 [45
[0 6
(1] 6
[2] 6
(3] 6
[4] 6
~[5] 6
< > (< >

Tahular Grid | Gantt Chart

Pascal Van Hentenryck, Copyright 2021-2022



Computational Model of CP ﬁ. institute for Advances
in Optimization

» Branch and prune
— lterate two steps: pruning and branching
» Pruning: reduce the search space
— EXxplicit representation of the search space
— Each variable has its set of possible values
— Use constraints to remove infeasible values
» Branching: decompose the problem into subproblems
— Use feasibility information to determine how to branch

Pascal Van Hentenryck, Copyright 2021-2022
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Constraint
Store

constraint
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» What does a constraint do?
— Feasibility Checking

— Pruning

» How we solve these algorithmic problems, if fast
enough, is irrelevant

Pascal Van Hentenryck, Copyright 2021-2022



Constraint Propagation (o s tr Avnce

dvar int x[1..5] in 1..4;

constraints {
allDifferent(all(i in 1..4) x[i]);
x[2] <= x[5];
sum(i in 1..4) x[i] <= 9;

x[1]1=1 alldiff x[2]<x[5] | x[5]>2 x[2]<x[5] aldiff  sum<9 aldiff
x[1] 1 1 1 1 1 1 1 1
x2] 1.4 2.4 2.4 2.4 2 2 2 2
x3] 1.4 2.4 2.4 2.4 2.4 3.4 3 %
x[4] 1.4 2.4 2.4 2.4 2.4 3.4 3 %
x5] 1.4 1.4 2.4 3.4 2 2 2 2

Pascal Van Hentenryck, Copyright 2021-2022
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Jobshop Scheduling

int nbJobs = ...;

int nbTasks = ...;

range Jobs = 0..nbJobs-1;

range Tasks = 0..nbtasks-1;

tuple Operation {int machine; int pt; };
Operation op[Jobs,Tasks] = ...;

dvar interval act[] in Jobs,o in Tasks] size op[],o0] .pt;
dvar sequence machine[m in Machines] in
all(j in Jobs,o in Tasks: op[j,o0] .machine == m) act[]j,o];

minimize max (] in Jobs) endOf (act[]j,nbTasks-11]):;
subject to {
forall (m in Machines)
noOverlap (machine[m]) ;
forall (J in Jobs, o in 0..nbTasks-2)
endBeforeStart (act[j,o],act[],0+1]);
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Disjunctive Disiuncti
Constraint SIS
Constraint

Constraint Store

Precedence
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» Given a set of tasks
— each task has a release date, due date, and duration

» Determine if there exist start dates for the tasks
— S0 that no two tasks overlap in time

» One-Machine Problem

Pascal Van Hentenryck, Copyright 2021-2022



No-Overlap Constraints

» One-Machine Feasibility

A1

-

Ao

A3

One-Machine Feasibility is NP-Hard

Pascal Van Hentenryck, Copyright 2021-2022
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No-Overlap Constraints

» Relax! One-Machine Preemptive Feasibility

NG

3

Ao

C N\l )

As

» One-Machine Preemptive Feasibility can be
computed in O(n log n) time.

Pascal Van Hentenryck, Copyright 2021-2022
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Pruning: Edge Finder Rules

» Pruning: Must A4 start after Ao and A3?

A1 [ 0
= 1 1 1 1 N
Ao - 4 J
- 1 1 1 N
AS \_ 3 J
A1|A2|A2|A2|A2|As|As|As|A1|A1|A1[A1[|A1
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Pruning: Edge Finder Rules ﬁé";‘i‘,&:;ﬂﬁ:n’*dva““s

» Pruning: Must A1 start after Ao and Az?

s : N
A1k : .6. : : . . . . J
A ( 1 1 1 1 1 1 1 1 1 \
2 \_ . . : : : : 141 Y,
— ™

As Y 3 Y,
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» Pruning: A1 must start after A2 and As

: : l : )
A _ 0 |
[ | 1 \
Ao
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» Given atask set T and a resource with a capacity of C
then an assignment S of the start times is a solution iff

Vi€lt,t,,): ¢ =C
I€T:S (i)<t<S(i)+p;
c

9 Time

\l -_—
m -_—
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IBM ILOG CP optimizer for scheduling

Philippe Laborie, Jérome Rogerie, Paul
Shaw & Petr Vilim

Constraints
An International Journal Volume 18, Number 4

ISSN 1383-7133
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Key MOdel | ng Fe atu res AI Institute for Advances
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» Variables
— interval variables
— optional interval variables
— sequences
» Constraints
— no-overlap, cumulative, state constraints
— sequence dependent transition times and costs
— alternative constraints
» Other features
— calendars

Pascal Van Hentenryck, Copyright 2021-2022



Key Features of the Solver (7w sttt for Advances
in Optimization

» Lower bounds
— temporal and linear relaxations

» Primal solutions
— large neighborhood search
— restarts

» Search no-goods
— never explore the same subtree twice

» primal and dual threads
— dedicated search methods for proving optimality

Pascal Van Hentenryck, Copyright 2021-2022
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Brief Overview to constraint programming
Scheduling with constraint programming
Hybridizing constraint programming and MIP
Learning-based constraint programming
Learning Optimization Proxies

>

v Vv Vv v
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European Journal of Operational Research 286 (2020) 945-962

- ]
Contents lists available at ScienceDirect UROPEAN |OURNAL OF

European Journal of Operational Research

journal homepage: www.elsevier.com/locate/ejor w0

Production, Manufacturing, Transportation and Logistics

Constraint programming models for integrated container terminal n
operations™ G

Damla Kizilay®* Pascal Van Hentenryck®, Deniz T. Eliiyi©

3 Department of Industrial Engineering, Izmir Democracy University, Izmir 35140, Turkey
b Milton Stewart School of Industrial and Systems Engineering, Georgia Institute of Technology, USA
¢ Department of Industrial Engineering, Izmir Bakircay University, lzmir 35665, Turkey
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Container Terminals

General Picture of the Container Terminal
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Conta|ner Term|nals ¢ Al Institute for Advances

in Optimization

General Operations in Container Terminal

Berth Allocation Problem Quay Crane Assignment  Yard Truck Dispatching  Yard Crane Assignment  Yard Location Assignment
(BAP): When and in which and Scheduling Problem  Problem (YTDP): When and Scheduling Problem: and Stacking Problem:

part of the port the coming (QCASP): When loading containers should be Storage location and Storage location and

vessel should berth. Vessel and discharging operations transported between quay stacking position of stacking position of

Stowage Plan has known. should start by which QC. and yard by which YT. containers should be containers should be
determined. determined.

Pascal Van Hentenryck, Copyright 2021-2022 40



* Berth allocation factors: _
. 5 ' 4
Priorities between customers

Berthing privileges. of certain vessels at specific ports

4 “/
Vessel sizes. .~

Depth of water
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Load-Unload Operations in Container Terminal
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Load-Unload Operations in Container Terminal
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Pl‘Oblem Deflnltlon ‘AI Institute for Advances
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QC Eligibility

I\ J
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qc; : Interval variable for the QC handling of shipment i

yc; - Interval variable for the YC handling of shipment
aqc; j : Optional interval variable for shipment i on QC j with duration

between QQ; and M

ayc; i - Optional interval variable for shipment 2 on YC at yard location k

with duration between Y; and M Objective
located at yard location £ on YT j with duration between 0 and M min Y, g ws (maz (max;ec: ENDOF (yc;) ,max;ec: ENDOF (qc;))) (01)
gcsj = Sequence variable for QC j over {aqc; ; | i € C'} Constraints
ycs; = Sequence variable for YC j over {ayc; i |i € CANYC(k) = j} ALTERNATIVE (g¢;, all (¢ in QC (i) aqe;q) Vi€ C (02)
inter fere; , ;. : Sequence variable over {aqc; ., aqc; .} ALTERNATIVE (ye;, all (k in Ly) ayci ) Vi€ Cy (03)
> icc, (CN; x PRESENCEOF (ayc; 1)) < Cap,  Vk € L, (04)
Listing 1. The simplified CP model: variables. PRESENCEOF (ayc; ;,) = 1 Yie Q) (05)
STARTBEFORESTART (aqc; ,, ayc; ., Qt; + tty)Vi € C,, k € L,,n € qc; (06)
STARTBEFORESTART (ayc; i, aqc; n, Yt; +tyt;) Vie Ci,n € qc (07)
STARTBEFORESTART (aq¢; m,aqc;,) Vi, € P,m € gci,n € qc; (08)
NOOVERLAP (qcsy,, eqc; j)  Ym e QC (09)
NOOVERLAP (ycsp,, eyc; ;) YmeYC (10)
NOOVERLAP (inter fere; . j.w, Aj]“) Vi,j € C,v € qci,w € qcy, A;/“ >0 (11)

Listing 2. The simplified CP Model: Objective and Constraints.

Pascal Van Hentenryck, Copyright 2021-2022
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Decision Variables

N

Variables

gc; : Interval variable for the QC handling of shipment ¢
yc; : Interval variable for the YC handling of shipment ¢
aqc;i ; - Optional interval variable for shipment ¢ on QC j with duration Q);
ayc; 1. - Optional interval variable for shipment 7 on YC at yard location &

with duration Y;

Pascal Van Hentenryck, Copyright 2021-2022
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No Overlap

1 € C'}
ycs; : Sequence variable for YC j over {ayc; . |1 € CAYC(k) = j}

. y ) ] e e P 3 . . A . Ty »
qcs; : Sequence variable for QC j over {aqc

1, ‘

NOOVERLAP (ycsm, eyc; i) Vm e YC
NOOVERLAP (gcsm,eqc; i)  YVm e QC

Pascal Van Hentenryck, Copyright 2021-2022



Precedence Constraints

Schedule of the Shipments

YC2

Al Institute for Advances
in Optimization

1.

YT transportation

QC3

| 1
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Interferences (s o mtvances

» No overlap + distance

inter fere; ., i @ Sequence variable over {aqc; ., aqc; .}

NOOVERLAP ('i'n\f('-rf(’-r(',1,,.,J.,,., A:l”) Vi,j € C,v € qe;,w € qey, A;':/"" ~ 0

Pascal Van Hentenryck, Copyright 2021-2022



Th e M Od el ﬁl Institute for Advances
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» Minimizing the weighted completion times of each vessel

min ) ¢ wq (‘nm.r (lllZl.X,jg(,': ENDOF (yc;) , max;ecs ENDOF ((1('.,-)))

Pascal Van Hentenryck, Copyright 2021-2022
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ALTERNATIVE (yt;,all (v in YT ) ayt;y, ) Vi€ Hj,je C (12)
yt; : Interval variable for the YT handling of container ¢ . S . .
yh ) ) ) i o _ o ALTERNATIVE (yt;,all (v in YT,k in L,) ayt; ) Vi€ K, (13)
ayt; ..; : Optional interval variable for container 4 transported to or initially
TRECENCE n . — . . Y .
located at yard location k on YT j with duration between 0 and M Zl'%)”l‘l RESENCEOX (”"//"’f“') L Vie H;,jeC (14)

yts; : Sequence variable for YT j over {ayt; ; | i € K} Z:(YT PRESENCEOF (ayti k,v) = PRESENCEOF (ayc; k)

contQC; : Interval variable for container i on QC with duration Qtime; Vie Hj,jeCy ke L, (15)
contY C; : Interval variable for container i on YC with duration Ytime; Z:vé)"l' SIZEOF (”.{/fl.l,.z') > tyt; Vie Hj,jeC (16)
Zl,e).,,;suﬁ()r (ayti ) > tty * PRESENCEOF (aycj i) Vk € Lyt € Hj, 5 € C, (17)

Listing 3. The CP Model for the IPCTP: Additional variables. STARTOF (contQC;) = Y- o STARTOF (aqcjq) i = min (H;) (18)

STARTOF (contQC'j) > ENDOF (contQC;) Vke C,i,j € Hilj=1+1 (19)

STARTOF (contY C;) = 3, ., STARTOF (ayc; ) i = min (H}) (20)

STARTOF (contY Cj) > ENDOF (contYC;) Vke C,i,j € Hilj=1+1 (21)

max;e g, ENDOF (contQC}) = ung(' ENDOF (agcj,) VjeC (22)

max;e g, ENDOF (contY C;) = Y, ., ENDOF (ayc; ) VjeC (23)

ENDBEFORESTART (contQC;, ayt; ) Vie Ky, k€ L,,veYT (24)

ENDBEFORESTART (ayt; .,,contY C;) Vie Ky,k&€ L,,veYT (25)

ENDBEFORESTART (contY C;,ayt;y, ) Vie Hj,j€ Cr,veYT (26)

ENDBEFORESTART ((l!/f,_z,,~- contQC;) Vie Hj,je Cr,oeYT (27)

NOOVERLAP (ytsm,,eyt; j) Ym e YT (28)

Listing 4. The CP Model for the IPCTP: Additional Constraints.

Pascal Van Hentenryck, Copyright 2021-2022
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Import-Export Rate 20%

Pascal Van Hentenryck, Copyright 2021-2022

# of Bays of ot | Ave. Obj. | Avg. CPU |Ave. GAPY% Avg. CPU

5 293 0.40 0.05 0.00
10 5420/5  3600.05 9.41 0.00
15 74005 3601.68 734.91 0.00
20 8220/5|  3601.39 788.81 0.00
25 101823  3600.81 1791.34 0.00

5 179 0.16 0.14 0.00
10 36001 1717.16 6.20 0.00
15 5440/5  3600.50 36.47 0.00
20 661174  3600.75 27415 0.00
25 NA NA 47915 0.00

5 427 0.16 0.40 0.00
10 507 98.30 10.26 0.00
15 8440/5  3600.26 150.59 0.00
20 9672/3|  3600.13 542.60 0.00
25 146641  3614.05 1255.55 1.26




Import-Export Rate 20%

# of

" Al Institute for Advances
in Optimization

U-L Rate | # of Bays Shipment Avg. Obj. | Avg. CPU |Avg. GAP%| Avg. Obj. | Avg. CPU | RPD%
5 207 0.40 0.00 207 0.21 0.00
10 426074  3297.84 0.31 426 6.80 0.00
4 15 6430/5|  3605.24 0.65 641 79.30 0.00
20 8650/5|  3600.71 0.75 860! 897.30 0.00
25 8243/2f  3601.27 0.73 8422  1895.17 0.00
5 248 0.16 0.00 248 0.15 0.00
10 40101 1449.26 0.08 401 8.70 0.00
3 6 15 4820/11  3600.39 0.50 482 539.06 0.00
20 6261/4  3600.50 0.65 6141 778.93 0.00
25 9882/3  3600.22 0.74 8564  2938.55 0.00
5 418 0.22 0.00 418 1.27 0.00
10 655 449.44 0.00 655 26.02 0.00
8 15 8950/5|  3600.45 0.47 882 160.79 0.00
20 12721/4  3611.86 0.63 11131  1524.57 0.38
25 NA NA NA 13823  2681.45 2.87

Pascal Van Hentenryck, Copyright 2021-2022
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Brief Overview to constraint programming
Scheduling with constraint programming
Hybridizing constraint programming and MIP
Learning-based constraint programming
Learning Optimization Proxies

v Vv Vv v
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ARTICLE

A branch-and-price-and-check model for the vehicle

routing problem with location congestion
¥ in & f

Authors: Edward Lam, Pascal Van Hentenryck Authors Info & Claims

Constraints, Volume 21, Issue 3 e July 2016 e pp 394—412 o https://doi.org/10.1007/s10601-016-9241-2
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C P and M I P ﬁl Institute for Advances
in Optimization

» Trends in combinatorial optimization
— logical Benders decomposition, and branch & check
— generalizes Benders decomposition with combinatorial subproblems

» Branch and price and check
— generalizes the idea to branch and price

» Beautiful synergies between
— mathematical and constraint programming

Pascal Van Hentenryck, Copyright 2021-2022



VRP with Location Constraints (o s tr Avnce

» The problem
— multiple vehicles
— pickup and delivery constraints
— time windows
— capacity constraints

» Location constraints
— number of parking slots at an airport
— number of landings and takeoffs at an airport in a given intervals

Pascal Van Hentenryck, Copyright 2021-2022
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Locations and Requests (s o mtvances
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Presence Constraints (s o mtvances
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» Humanitarian and military logistics
— number of possible landings in a base
— number of parking spots available at a base
— fuel available at an airport
» City logistics
— parking at hubs
— number of possible spots at transit centers

Pascal Van Hentenryck, Copyright 2021-2022
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Duals Routes

Solution

Pascal Van Hentenryck, Copyright 2021-2022



The Master Problem 4 "él (I)n:ttllr:]lﬁz :‘ic:)rnAdvances

I is a route

min Z CrZy every pickup is
r€S2 covered by a single

subject to LOLLs

Z a; rTr = 1, Vi e P,

ref?

z, € [0,1], Vr € (2.

Pascal Van Hentenryck, Copyright 2021-2022 64



The Pricing Problem (s o mtvances

» Standard labeling algorithm
— solving a resource-constrained shortest path with

» Reduced costs

rdz’j_ﬂ'i"‘lez’j.UfBa Vie P,j eN,

di; = 4 BeB
dij +Z]‘Bijnu’37 ViEN\P,jEN,
\ BeB

Pascal Van Hentenryck, Copyright 2021-2022



The Separation Problem (7w sttt for Advances
in Optimization

» The subproblem is heavily combinatorial

arr(z) < serv(i), VieR,
serv(i) + t(2) < dep(7), Vi e R,
arr(i) = serv(i) = dep(i), Vie SUE,
dep(i) + d(i,succ(i)) = arr(succ(z)), Vie RUS,
CUMULATIVE({serv(i) : i € R}, {t(2) : i € R;},1,C)), Vie L.
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The Separation problem (s o mtvances

» How do we exclude incompatible routes?
— in other words, what are the combinatorial Benders cuts?

Pascal Van Hentenryck, Copyright 2021-2022



COmbInatOrlal Benders CUtS @InstituteforAdvances

in Optimization

Arcs in the infeasible
routes

Numbers of arcs in
B for a route r
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Branch and Price and Check

1. Master

— solve the master problem

2. Separation

— check if the “integer” routes satisfy the cumulative constraints; add the cut if
infeasible & go to (1)

3. Feasibility

— if all routes are integral, a solution has been found; go to (6)
4. Pricing

— generate new routes; if any, go to (1)
5. Branching

— consider a route and branch on the prefixes

6. Node selection
— take an open node and go to (1)

Pascal Van Hentenryck, Copyright 2021-2022
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VRP with Location Constraints (o s tr Avnce

» MIP

— cumulative constraints implemented with logical constraints (no
time-indexed formulation)

» CP

— VRP + cumulative constraints

» Branch and Price and Check
— branch and price
— checking cumulative constraints with CP

Pascal Van Hentenryck, Copyright 2021-2022



Experl mental Resu |tS AI Institute for Advances
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Instance Set 1 Instance Set 2 Instance Set 3

TS MIP CP BPC TS MIP Cp BPC TS MIP Cp BPC
|[£||PI ¢ UB UB LB Gap UB UB LB Gap NG UB UB LB Gap UB UB LB Gap NG UB UB LB Gap UB UB LB Gap NG

8 80 1 - - 0 - x - 746 - 3,171 - - 0 - x - 1,176 - 28,124 - - 0 - x - 390 - 2,865
2 - - 0 - x - 746 - 3,169 - - 0 - x - 1,176 - 27,082 - - 0 - - - 390 - 17
3 - - 0 - = 746 13,897 - - 0 - x - 1,176 - 28,660 - - 0 - - - 391 - 2,730
4 - - 0 - - - 0 - - - 1,176 - 28,040 393 - 0 - - 393 393 0.0% 111
5 7% - 0 - - - 0 - 393 - 0 - - 393 393 0.0% 0
6 794 - 0 - 1,195 - 0 - 393 - 0 - - 393 393 0.0% 0
7 7% - 0 - 1,195 - 0 - 393 - 0 - - 393 393 0.0% 0
8 7% - 0 - 794 762 4.0% 0 1,195 - 0 - 393 - 0 - - 393 393 0.0% 0
9 7% - 0 - - 794 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0

10 794 - 0 - - 794 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
11 794 - 0 - - 794 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
12 7% - 0 - - 79 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
13 7% - 0 - - 79 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
14 7% - 0 - - 794 762 4.0% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
15 7% - 0 - - 793 763 3.8% 0 1,195 - 0 - - 1,195 1,186 0.8% 0 393 - 0 - - 393 393 0.0% 0
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Instance Set 1 Instance Set 2 Instance Set 3
TS MIP CP BPC TS MIP Cp BPC TS MIP Cp BPC
|[£||P| ¢ UB UB LB Gap UB UB LB Gap NG UB ©UB LB Gap UB UB LB Gap NG UB UB LB Gap UB UB LB Gap NG
11 80 1 - - 4 - x - 876 - 8,763 - - 0 - x - 1,260 - 24,022 - - 0 - x - 411 - 10,388
2 - - 4 - x - 872 - 12,877 - - 0 - x - 1,260 - 25,102 - - 0 - - - 407 - 12
3 - - 4 - - - 875 - 9,282 - - 0 - x - 1,260 - 24,733 - - 0 - - - 410 - 780
4 - - 4 - - - 881 - 914 - - 0 - - - 1,260 - 25,974 413 - 0 - - 413 411 0.5% 184
5 883 - 4 - - 883 883 0.0% 32 - 0 - - 413 412 0.2% 0
6 883 - 4 - - 883 883 0.0% 0 - 0 - - 413 412 0.2% 0
7 883 - 4 - - 883 883 0.0% 0 - 0 - - 413 412 0.2% 0
8 883 - 4 - - 883 883 0.0% 0 - 0 - - 413 412 0.2% 0
9 883 - 4 - - 883 883 0.0% 0 - 0 - - 413 412 0.2% 0
10 883 - 4 - - 883 833 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 412 0.2% 0
11 883 - 4 - - 883 833 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 412 0.2% 0
12 883 - 4 - - 883 833 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 412 0.2% 0
13 883 - 4 - - 883 833 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 412 0.2% 0
14 883 - 4 - - 883 883 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 411 0.5% 0
15 883 - 4 - - 883 883 0.0% 0 1,280 - 0 - - 1,280 1,272 0.6% 0 413 - 0 - - 413 412 0.2% 0
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Brief Overview to constraint programming
Scheduling with constraint programming
Hybridizing constraint programming and MIP
Learning-based constraint programming
Learning Optimization Proxies

>
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Pascal Van Hentenryck, Copyright 2021-2022



é:" Al Institute for Advances
in Optimization

Constraints (2011) 16:250-282
DOI10.1007/s10601-010-9103-2

Explaining the cumulative propagator

Andreas Schutt - Thibaut Feydy - Peter J. Stuckey -
Mark G. Wallace
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» Those who forget the past are doomed to repeat it

George Santayana
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How Much Search is Repeated?

» Color the following graph with 4 colors

» Traditional search: 462672 failures

» Constraint Programming with Learning
— 18 failures

Pascal Van Hentenryck, Copyright 2021-2022



How Much Search is Repeated? f

Al Institute for Advances
in Optimization

» Resource Constrained Project Scheduling

— BL instance (20 tasks)

S i

0 2 4 6 8 10 12 14 16

» Input order: 934,535 failures
— With learning: 931 failures

» Smallest start time order: 296,567 failures
— With learning: 551 failures

» Activity-based search: > 2,000,000 failures
— With learning: 1144 failures

Pascal Van Hentenryck, Copyright 2021-2022



Conflict-Based Learning in CP ©’ Al Institute for Advances

in Optimization

» Can we learn from failures?
— A long history (from at least 1986)
— but it has not really worked until recently

» Conflict-based learning
— learn a new clause (1UIP) when encountering a failure

Pascal Van Hentenryck, Copyright 2021-2022



Inference Graph (o s tr Avnce

» What does pruning do in CP?

—X=V,X£V,X=V, X<V (in its simplest form)

— denote themas [x=V], [Xx #V], [x = V], [Xx = V]
» The graph captures the CP Inferences
—e.g. [x=2] and x =y implies that [y < 2]

— inference: [x = 2] =2[y = 2]

Pascal Van Hentenryck, Copyright 2021-2022



Inference Graph (s o mtvances

alldiff X2S Xs sum=<9 alldiff

fail
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NOg OOd Learn | ng ﬁl (I)npsttiir:‘uitzzfic())rnAdvances

alldiff ~ X< X5 |Xo= X5 alldiff sums<9 alldiff

fail
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alldiff X< Xs

Pascal Van Hentenryck, Copyright 2021-2022

X3=3 A x,=3=> false

alldiff

fail
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alldiff X2 = X5 | X< Xs alldiff sum=<9 alldiff
X1=1
\\\ Xo S 2
Xe# 1—ix; 2 24 Xo= 2
\\ — X323
L S—

fail

X55 2

X323 A x3<83 Ax,=3- false
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alldiff

alldiff ~ X< X5 |Xo= X5 alldiff sums<9

fail

{x323,x,23,x3<3,x4<3}> false

Pascal Van Hentenryck, Copyright 2021-2022



NOg OOd Learn | ng rﬁ]l (I)npsttiir:]uitzi‘;‘ic())rnAdvances

alldiff

alldiff ~ X< X5 |Xo= X5 alldiff sums<9

fail

{X2 22,X323,X423,X3S3} -> false

Pascal Van Hentenryck, Copyright 2021-2022



NOg OOd Learn | ng rﬁ]l (I)npsttiir:]uitzi‘;‘ic())rnAdvances

alldiff

alldiff ~ X< X5 |Xo= X5 alldiff sums<9

fail

{x, 22, x323, X423} > false

Pascal Van Hentenryck, Copyright 2021-2022



NOg OOd Learn | ng rﬁ]l (I)npsttiir:]uitzi‘;‘ic())rnAdvances

alldiff ~ X< X5 |Xo= X5 alldiff sums<9 alldiff

fail

{xo 22,x4 22,x4#2,x323} > false

Pascal Van Hentenryck, Copyright 2021-2022
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alldiff XoS X5 | Xp< Xp alldiff sum<9 alldiff
X1=1
\\\ X2 <2
Xe# 11— 221 Xo= 2
\\ — X323
N\ S—
x§¢1Nx322// Xiz X3<3 = x3=3
~__ -
\ fail
X4 7 1 o
X5S 2

{x222,x322,x4 22,x3#2,X4#2} => false
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NOg OOd Learn | ng ﬁl (I)npsttiir:]uitzzric())rnAdvances

alldiff

alldiff ~ X< X5 |Xo= X5 alldiff sums<9

fail

X55 2

{xo 22,x322,x4 22,Xo=2,X3#2} > false

Pascal Van Hentenryck, Copyright 2021-2022



NOg OOd Learn | ng rﬁ]l (I)npsttiir:]uitzi‘;‘ic())rnAdvances

alldiff  x,< x5 |[Xo< X5 alldiff sum=<9 alldiff
......... X1=1
\\\ X2 <2
Xe# 11— 221 Xo= 2
\\ — =_ X323
X3\¢7Nx322// Xﬂé\z X3<3 = x3=3
~__ _
\ \ fail
"

X55 2

{x, 22, x322, x4 22, x,=2} > false
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alldiff — xo< X5 |Xp< X alldiff sums<9 alldiff
X1=1
\\\ X2 <2
Xe# 11— 221 Xo= 2
\ — ] X323
\_S—
X§\¢1NX322// Xg;é\z X3<3 = x3=3
~__ -
\ \ fail
X4 F 1 X4122\\\X4¢2 X4S3\’X4=3/
X522 xs=2|
<2
X5 Nogood

{x, 22, x322, x4 22, x,=2} > false
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The Role of Constraints "/ﬁ‘,'(')“;‘i‘,ﬁ:;:,{:::n“dva“°es

» Traditionally
— feasibility checking
— domain filtering
» With learning
— explaining its failures
— explaining its inferences
» Key goal in learning
— make the explanations as general/reusable as possible

Pascal Van Hentenryck, Copyright 2021-2022



Explaining the Cumulative Constraint 7 st or acvances

in Optimization

- C -

Why does the task E have to
start later than time point 5?

| S
llllllllll

L LT T T T TTT
vvvvvvvvvv

llllllllll
rrrrrrrrrr
1111111111

Why is there a resource
overload?
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Explaining the Cumulative Constraint 7 n sttt for Acvances

in Optimization

o - ——
— b — -
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Explaining Failures

Pascal Van Hentenryck, Copyright 2021-2022



Explaining Failures

ﬁ nt-wise exp H"’ma‘fcﬂ

-ConS|derat|on onIy single units
of time in the resource overload
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The Value of Learnlng ﬁlcl)npsttiir:‘t:tzz :‘ic:)rnAdvances

» Scheduling
— Resource Constrained Project Scheduling Problems (RCPSP)

— RCPSP/Max (more complex precedence constraints)

— RCPSP/DC (discounted cashflow)

Pascal Van Hentenryck, Copyright 2021-2022
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2010-2019

A In Review
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Brief Overview to constraint programming
Scheduling with constraint programming
Hybridizing constraint programming and MIP
Learning-based constraint programming
Learning Optimization Proxies
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PRELIMINARY PREPRINT VERSION: DO NOT CITE
The AAAI Digital Library will contain the published
version some time after the conference.

Fast Approximations for Job Shop Scheduling:
A Lagrangian Dual Deep Learning Method

James Kotary,' Ferdinando Fioretto, ! Pascal Van Hentenryck >

! Syracuse University
2 Georgia Institute of Technology
jkotary @syr.edu, fliorett@syr.edu, pvh@isye.gatech.edu
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» Role of Optimization Proxies
— learning the input/output relationship of an optimization problem

Input

ﬁ

Optimization Proxy

-

Pascal Van Hentenryck, Copyright 2021-2022
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Optimal Power Flow

Model 1 (AC Optimal Power Flow (AC-OPF)).

O(p“, ¢") = arg min D | cost(p?) (1)

p%yv iEN

subject to
,l-)imin < < ,l');IlaX Yie .A/, (23‘)

A A .

-0,<0; - 0;<0; V(i) € & (2b)
.?min < p;j < p_:_JmBX Vi E./\/, (3&)
._ngin < q;} < q._;]max Vi € N,' (3b)

- f max .

W+ < S ) <& g
p{J = g3 — vv;(bysin(6; — 6;) + g,,c08 (6; — 6)) V(i) € &; (5a)
q{J = —byv} — viv;(g;8in(0; — 0;) — bijcos (6; — 6;)) V(i) € &; (5b)
Pl - pi= 2.7 VieN; (62)

(if)e€
()€€
output: (p’,v) — The system operational parameters.

Pascal Van Hentenryck, Copyright 2021-2022



Learning Optimization Proxies ﬁ'é";ﬂ;‘:ii{%n’*dva""es

» Challenges
— physical, engineering, and business constraints

» Challenging learning problems

— empire risk minimization under constraints
» Data augmentation

— data is not an issue since we have an optimization models
» Nice synergies

— between optimization and learning

Pascal Van Hentenryck, Copyright 2021-2022
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Model 2: Recovering a Feasible Solution to the JSP.

II(s) = argmin, u
subject to: (2a), (2b)
si>sh+d) VjjelJllelTlst (D) <s (f,) (8a)
s/ >0 Vje[J],te[T] (8b)

Algorithm 2: The JSP Greedy Recovery.

Input: {§{ YrerT), jers1: predicted start times

1 Q « enqueue((j, 1)), Vje[J]
2 while Q is empty do
3 (j,t) « dequeue(Q)
4 Schedule task (j, #) with start time §/
5 if 1 < T then
6 §. | < max(8,,, 8 +d))
7 Q « enqueue(}, 7)
8 end
9 | foreach (*,)st.t1#¢ &o), =0l & & > 8
do _
10 | 8« max(8), 8 +d))
1 end
12 end

Pascal Van Hentenryck, Copyright 2021-2022
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» Slowdown of a machine
— from 1% to 50%

» Training/Testing instances
— 5,000
» Optimization solvers
— CP Optimizer with 1800 seconds

» Heuristics

— Shortest Processing Time (SPT), Least Work Remaining (LWR),
Most Work Remaining (MWR), Least Operations Remaining
(LOR), and Most Operations Remaining (MOR)

Pascal Van Hentenryck, Copyright 2021-2022
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» Comparing SOTA solvers with deep learning + feasibility restoration
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Learning Scheduling Problems Al nstitute for Advances

in Optimization

» Comparing SOTA solvers with deep learning + feasibility restoration

Instance  Size  Prediction Err(x10) |  Constraint Viol(x10?) | Opt. Gap Heuristics (%) | Opt. Gap DNNs (%) | H Time SoTA Eq. (s) T
JxM | FC JSP-DNN FC JSP-DNN SPT LWR MWR LOR MOR FC JSP-DNN || FC JSP-DNN
yn02 20x20 | 2.770 0.138 1.134  0.122 628 837 40 934 40 12.80 + 5.4 -0.045 £ 0.9 || 10.20 1800+
ta25 20x20 | 1.607 0.361 0.631 0.244 593 877 59 787 46 13.61 +3.13  -0.143+0.8 || 11.02 1800+
ta30 30x15 | 4338 1.196 1.483 0.357 558 910 63 856 46 1501 +2.63 -048 +5.18 || 9.06 1800+
ta40 30x20 | 7.880 3.341 1.863 0.104 492 794 57 836 25 23.11+733 3.19+1.88 | 840 12.04
ta50 50x10 | 4.580 1.322 1.223  0.225 789 789 53 1116 43 1830+522  5.85+2.72 8.02  90.30
swv03 20x15 | 9.473  2.683 2777 0.850 203 212 75 190 50 28.61 + 1427 7.62+2.51 | 404 36.36
swv05 20x10 | 6.586 2.950 2325 0.626 183 192 80 177 66 20.78 +10.54 6.34+1.82 || 724 18.18
swv07 20x10 | 4.587 0.681 1.222  0.223 299 295 68 352 43 10.69 +6.83  0.01+4.75 260 2545
swv09 20x15 | 5.678 3.462 2,132 0.211 322 270 69 285 75 22.12+852 542+121 || 648  28.32
swvll 50x10 | 7.958 3.244 2711  0.282 237 231 94 263 73 23.18 +2.27 4.80+4.47 || 7.02 92.00
swvl3 50x10 | 23.21 3.557 1.615 0.323 225 203 114 218 79 2279 +1621 8.11+4.20 || 7.08 24.08

Table 2: Accuracy metrics compared between FC and JSP-DNN (left sub-table) and accuracy of simple heuristics vs CP-Optimizer
at 1800s (right sub-table). Best results shown in bold.
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