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Constraint Programming

‣ IEEE Software 2010
– “The application and importance of CP has grown remarkably in 

the past two decades”
‣ OR/MS August 2011

– “A must-have tool for any O.R. Practitioner’s toolkit”
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Progress in Optimization

‣ “If you only knew optimization from 10 years ago, you 
probably don’t have the techniques needed to solve real-
world sport scheduling problems”

– Mike Trick, Professor at CMU, 2008

‣ “The following do make a big difference (and are much more 
recent ideas)”

– Complicated variables
– Large neighborhood search
– Constraint programming (ideally combined with integer programming).
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Scheduling in the Last Decade

4



Pascal Van Hentenryck, Copyright 2021-2022

Outline

‣ Brief overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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Constraint Programming

‣ A language for combinatorial optimization
– Expressing substructures of applications
– Expressing constraints at a high level of abstraction
– Programming search
‣ A computational approach to optimization

– Focus on feasibility
– Focus on pruning infeasible solutions

• Explicit representation of the search space
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Scheduling

‣ One of the killer applications for constraint programming
– heavily used in industry
– many MIP models face significant challenges
‣ Modeling layer

– high-level concepts for scheduling
• interval variables, global constraints, …

‣ Dedicated solving capabilities
– sophisticated algorithms
– lower bounds
– branching strategies
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What is an Interval Variable?

‣ An object that has 
– a start variable
– an end variable
– a duration variable (possibly a constant)
‣ Ideal for scheduling
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Interval Variable

‣ Durations can be a variable as well
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dvar interval x in 0..1000 size in 10..20;
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Jobshop Scheduling
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Jobshop Scheduling

‣ We are given a set of jobs
– each job is a sequence of tasks
– each task requires a machine
– each task has a duration
– each job has one task on each machine
‣ We are also given a set of machines

– each machine can execute at most one task at a time
‣ The goal is to minimize the makespan

– the total duration of the project
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nbJobs = 6;

nbMachines = 6;


op = [

 [ <5,4>, <1,3>, <4,3>, <3,2>, <0,1>, <2,2> ],

 [ <1,3>, <0,8>, <5,7>, <2,2>, <4,9>, <3,3> ],

 [ <3,1>, <4,9>, <1,9>, <0,7>, <5,5>, <2,5> ],

 [ <3,8>, <4,2>, <1,1>, <5,7>, <2,8>, <0,9> ],

 [ <1,6>, <3,2>, <4,5>, <5,5>, <0,3>, <2,1> ],

 [ <4,10>, <2,4>, <0,4>, <3,3>, <1,2>, <5,3> ]

];
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int nbJobs = ...;

int nbTasks = ...;

range Jobs = 0..nbJobs-1;

range Tasks = 0..nbtasks-1; 

tuple Operation {int machine; int pt; };

Operation op[Jobs,Tasks] = ...;


dvar interval act[j in Jobs,o in Tasks] size op[j,o].pt;

dvar sequence machine[m in Machines] in 

     all(j in Jobs,o in Tasks: op[j,o].machine == m) act[j,o];


minimize max(j in Jobs) endOf(act[j,nbTasks-1]);

subject to {

  forall (m in Machines)

    noOverlap(machine[m]);

  forall (j in Jobs, o in 0..nbTasks-2)

    endBeforeStart(act[j,o],act[j,o+1]);

}

Jobshop Scheduling
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Jobshop Scheduling
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Computational Model of CP

‣ Branch and prune
– Iterate two steps: pruning and branching
‣ Pruning: reduce the search space

– Explicit representation of the search space
– Each variable has its set of possible values
– Use constraints to remove infeasible values
‣ Branching: decompose the problem into subproblems

– Use feasibility information to determine how to branch
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Constraint Programming For Scheduling

16

Constraint 
Store

Domain Store

constraint
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Constraint Solving

‣ What does a constraint do?
– Feasibility Checking

• Can the constraint be satisfied given the variable domains?
– Pruning

• remove values from the domains if they do not appear in any solution of the 
constraint

• Holy grail: domain consistency

‣ How we solve these algorithmic problems, if fast 
enough, is irrelevant
• dedicated to each constraint
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Constraint Propagation
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dvar int x[1..5] in 1..4;

constraints {

   allDifferent(all(i in 1..4) x[i]);

   x[2] <= x[5];

   sum(i in 1..4) x[i] <= 9;

}
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int nbJobs = ...;

int nbTasks = ...;

range Jobs = 0..nbJobs-1;

range Tasks = 0..nbtasks-1; 

tuple Operation {int machine; int pt; };

Operation op[Jobs,Tasks] = ...;


dvar interval act[j in Jobs,o in Tasks] size op[j,o].pt;

dvar sequence machine[m in Machines] in 

     all(j in Jobs,o in Tasks: op[j,o].machine == m) act[j,o];


minimize max(j in Jobs) endOf(act[j,nbTasks-1]);

subject to {

  forall (m in Machines)

    noOverlap(machine[m]);

  forall (j in Jobs, o in 0..nbTasks-2)

    endBeforeStart(act[j,o],act[j,o+1]);

}

Jobshop Scheduling
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Jobshop Scheduling
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No-Overlap Constraints

‣ Given a set of tasks
– each task has a release date, due date, and duration
‣ Determine if there exist start dates for the tasks

– so that no two tasks overlap in time
‣ One-Machine Problem
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No-Overlap Constraints

22

One-Machine Feasibility is NP-Hard
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No-Overlap Constraints
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Pruning: Edge Finder Rules
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Pruning: Edge Finder Rules
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Pruning: Edge Finder Rules
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Cumulative Constraints
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Cumulative Constraints

‣  Given a task set T and a resource with a capacity of C 
then an assignment S of the start times is a solution iff

28
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Modern CP Solvers
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Key Modeling Features

‣ Variables
– interval variables
– optional interval variables
– sequences 
‣ Constraints

– no-overlap, cumulative, state constraints
– sequence dependent transition times and costs
– alternative constraints
‣ Other features

– calendars
– …
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Key Features of the Solver

‣ Lower bounds
– temporal and linear relaxations
‣ Primal solutions

– large neighborhood search
– restarts
‣ Search no-goods

– never explore the same subtree twice
‣ primal and dual threads

– dedicated search methods for proving optimality
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Outline

‣ Brief Overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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Container Terminals

35

General Picture of the Container Terminal
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Quay Cranes
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Yard Cranes
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Yard Cranes
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Yard Trucks
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Container Terminals

40

Berth Allocation Problem 
(BAP): When and in which 
part of the port the coming 
vessel should berth. Vessel 
Stowage Plan has known.

BAP

Quay Crane Assignment 
and Scheduling Problem 
(QCASP): When loading 
and discharging operations 
should start by which QC.

QCASP

Yard Truck Dispatching 
Problem (YTDP): When 
containers should be 
transported between quay 
and yard by which YT.

TDP

Yard Location Assignment 
and Stacking Problem: 
Storage location and 
stacking position of 
containers should be 
determined.

Stacking

General Operations in Container Terminal

Yard Crane Assignment 
and Scheduling Problem: 
Storage location and 
stacking position of 
containers should be 
determined.

YCASP
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• Berth allocation factors:
• Priorities between customers
• Berthing privileges of certain vessels at specific ports
• Vessel sizes
• Depth of water

Container Terminal in Izmir
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Problem Definition

42

Load-Unload Operations in Container Terminal
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Problem Definition
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Load-Unload Operations in Container Terminal
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Problem Definition

44

Mixed Integer Programming (MIP) Model
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Overview
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Decision Variables
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No Overlap
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Precedence Constraints 
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Schedule of the Shipments

4
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Interferences

‣ No overlap + distance
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The Model

‣ Minimizing the weighted completion times of each vessel

50
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Scheduling Yard Trucks
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Import-Export Rate 20%

52

      MIP CP

U-L Rate # of Bays # of 
Shipment Avg. Obj. Avg. CPU Avg. GAP% Avg. Obj. Avg. CPU RPD%

2

4

5 293 0.40 0.00 293 0.05 0.00
10 5420/5 3600.05 0.36 542 9.41 0.00
15 7400/5 3601.68 0.69 7401 734.91 0.00
20 8220/5 3601.39 0.75 8201 788.81 0.00
25 10182/3 3600.81 0.77 9982 1791.34 0.00

6

5 179 0.16 0.00 179 0.14 0.00
10 3600/1 1717.16 0.05 360 6.20 0.00
15 5440/5 3600.50 0.58 541 36.47 0.00
20 6611/4 3600.75 0.67 647 274.15 0.00
25 NA NA NA 752 479.15 0.00

8

5 427 0.16 0.00 427 0.40 0.00
10 507 98.30 0.00 507 10.26 0.00
15 8440/5 3600.26 0.48 841 150.59 0.00
20 9672/3 3600.13 0.57 1052 542.60 0.00
25 14664/1 3614.05 0.64 1320 1255.55 1.26
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Import-Export Rate 20%

53

      MIP CP

U-L Rate # of Bays # of 
Shipment Avg. Obj. Avg. CPU Avg. GAP% Avg. Obj. Avg. CPU RPD%

3

4

5 207 0.40 0.00 207 0.21 0.00
10 4260/4 3297.84 0.31 426 6.80 0.00
15 6430/5 3605.24 0.65 641 79.30 0.00
20 8650/5 3600.71 0.75 8601 897.30 0.00
25 8243/2 3601.27 0.73 8422 1895.17 0.00

6

5 248 0.16 0.00 248 0.15 0.00
10 4010/1 1449.26 0.08 401 8.70 0.00
15 4820/1 3600.39 0.50 482 539.06 0.00
20 6261/4 3600.50 0.65 6141 778.93 0.00
25 9882/3 3600.22 0.74 8564 2938.55 0.00

8

5 418 0.22 0.00 418 1.27 0.00
10 655 449.44 0.00 655 26.02 0.00
15 8950/5 3600.45 0.47 882 160.79 0.00
20 12721/4 3611.86 0.63 11131 1524.57 0.38
25 NA NA NA 13823 2681.45 2.87
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Outline

‣ Brief Overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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CP and MIP

‣ Trends in combinatorial optimization
– logical Benders decomposition, and branch & check 
– generalizes Benders decomposition with combinatorial subproblems
‣ Branch and price and check

– generalizes the idea to branch and price
‣ Beautiful synergies between

– mathematical and constraint programming
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VRP with Location Constraints

‣ The problem
– multiple vehicles 
– pickup and delivery constraints
– time windows
– capacity constraints
‣ Location constraints

– number of parking slots at an airport
– number of landings and takeoffs at an airport in a given intervals
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Traditional VRP
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Locations
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Locations and Requests

60
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Presence Constraints

61



Pascal Van Hentenryck, Copyright 2021-2022

Motivating Applications

‣ Humanitarian and military logistics
– number of possible landings in a base
– number of parking spots available at a base
– fuel available at an airport
‣ City logistics

– parking at hubs
– number of possible spots at transit centers
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Pricing  
Subproblem

Solution 

💰
Checking 

Subproblem

Master 
Problem

Branch and Price and Check
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Integer 
Routes
Integer 
RoutesDualsDuals

Routes 
+ 

Schedules
Benders 

CutFeasibleInfeasible

RoutesRoutes



Pascal Van Hentenryck, Copyright 2021-2022

The Master Problem

64

r is a route

every pickup is 
covered by a single 

route
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The Pricing Problem

‣ Standard labeling algorithm
– solving a resource-constrained shortest path with

• time windows
• pickup and delivery constraints
• capacity constraints on the load of the vehicles

‣ Reduced costs
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The Separation Problem

‣ The subproblem is heavily combinatorial
• no simple Benders composition

66
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The Separation problem

‣ How do we exclude incompatible routes?
– in other words, what are the combinatorial Benders cuts?
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Combinatorial Benders Cuts

68

Arcs in the infeasible 
routes

Numbers of arcs in   
B for a route r
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Branch and Price and Check

1. Master
– solve the master problem

2. Separation
– check if the “integer” routes satisfy the cumulative constraints; add the cut if 

infeasible & go to (1)
3. Feasibility

– if all routes are integral, a solution has been found; go to (6)
4. Pricing 

– generate new routes; if any, go to (1)
5. Branching

– consider a route and branch on the prefixes
6. Node selection

– take an open node and go to (1)

69



Pascal Van Hentenryck, Copyright 2021-2022

VRP with Location Constraints

‣ MIP
– cumulative constraints implemented with logical constraints (no 

time-indexed formulation)
‣ CP

– VRP + cumulative constraints
‣ Branch and Price and Check

– branch and price
– checking cumulative constraints with CP
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Experimental Results
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Outline

‣ Brief Overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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Learning

‣ Those who forget the past are doomed to repeat it

75

George Santayana
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How Much Search is Repeated?

‣ Color the following graph with 4 colors

‣ Traditional search: 462672 failures
‣ Constraint Programming with Learning

– 18 failures
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How Much Search is Repeated?

‣ Resource Constrained Project Scheduling
– BL instance (20 tasks)

‣ Input order: 934,535 failures
– With learning: 931 failures

‣ Smallest start time order: 296,567 failures
– With learning: 551 failures

‣ Activity-based search: > 2,000,000 failures
– With learning: 1144 failures
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Conflict-Based Learning in CP

‣ Can we learn from failures?
– A long history (from at least 1986)
– but it has not really worked until recently
‣ Conflict-based learning

– learn a new clause (1UIP) when encountering a failure

78



Pascal Van Hentenryck, Copyright 2021-2022

Inference Graph

‣ What does pruning do in CP?
– x = v, x ≠ v, x ≥ v, x ≤ v  (in its simplest form)

• domain events
– denote them as [x = v], [x ≠ v], [x ≥ v], [x ≤ v]
‣ The graph captures the CP Inferences 

– e.g.    [x ≤ 2]  and x ≥ y implies that  [y ≤ 2]
– inference: [x ≤ 2] ➔[y ≤ 2]
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Inference Graph
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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Nogood Learning
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The Role of Constraints

‣ Traditionally
– feasibility checking
– domain filtering
‣ With learning

– explaining its failures
– explaining its inferences
‣ Key goal in learning

– make the explanations as general/reusable as possible
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Explaining the Cumulative Constraint
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Explaining the Cumulative Constraint
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Explaining Failures
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Explaining Failures
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Explaining Inferences
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The Value of Learning

‣ Scheduling
– Resource Constrained Project Scheduling Problems (RCPSP)

• (probably) the most studied scheduling problems
• closed 71 open problems 
• Solves more problems in 18s then previous state of the art  in 1800s

– RCPSP/Max (more complex precedence constraints)
• closed 578 open instances of 631
• recreates or betters all best known solutions by any method on 2340 instances 

except 3
– RCPSP/DC (discounted cashflow)

• Always finds solution on 19440 instances, optimal in all but 152 (versus 832 in 
previous state of the art)

• the state of the art complete method for this problem
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Scheduling in the Last Decade
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Outline

‣ Brief Overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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Optimization Proxies

‣ Role of Optimization Proxies
– learning the input/output relationship of an optimization problem
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Optimal Power Flow
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Learning Optimization Proxies

‣ Challenges
– physical, engineering, and business constraints
‣ Challenging learning problems

– empire risk minimization under constraints
‣ Data augmentation

– data is not an issue since we have an optimization models
‣ Nice synergies

– between optimization and learning
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Scheduling Proxies
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Predict
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Repair
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Experimental Setting

‣ Slowdown of a machine
– from 1% to 50%
‣ Training/Testing instances

– 5,000
‣ Optimization solvers

– CP Optimizer with 1800 seconds
‣ Heuristics

– Shortest Processing Time (SPT), Least Work Remaining (LWR), 
Most Work Remaining (MWR), Least Operations Remaining 
(LOR), and Most Operations Remaining (MOR) 

–
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Learning Scheduling Problems

‣ Comparing SOTA solvers with deep learning + feasibility restoration
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Outline

‣ Brief Overview to constraint programming
‣ Scheduling with constraint programming
‣ Hybridizing constraint programming and MIP
‣ Learning-based constraint programming
‣ Learning Optimization Proxies
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Thank you for listening
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