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Robust optimization background

General idea

» Optimization problems often contain uncertain parameters (e.g.
measurement /estimation /implementation errors).

» Find a solution for the optimization problem that is robust against
this uncertainty.

» First studies at the end of the 90's.
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Robust optimization background

Solving an optimization problem with uncertainty

@ Stochastic optimization
®m modelling with random variables
m quite challenging to solve resulting problems
m probability distribution have to be determined
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Robust optimization background

Solving an optimization problem with uncertainty

@ Stochastic optimization
®m modelling with random variables
m quite challenging to solve resulting problems
m probability distribution have to be determined
@ Robust optimization
m uncertainty comes from a known set: the uncertainty set
m no information on probability distribution needed
m seek for a solution with best worst-case objective guarantee
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Nominal value: a good idea?

What if we consider averages? ]

Figure: The flaw of averages, S.Savage
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Example: Robust Knapsack

Knapsack size is 7.

| nominal size | extended size | utility

A 3 7 12

B 2 3 6

C 2 3 5

D 1 2 5

D EDED
7 size

Nominal values
Best solution for nominal values: A-B-C. Utility: 23. J
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Example: Robust Knapsack
Knapsack size is 7.

| nominal size | average size | extended size | utility

A 3 12
B 2 3 6
C 2 3 5
D 1 2 5
[ I )|
size
Average values
Best solution for average values: A-D. Utility: 19. J
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Example: Robust Knapsack
Knapsack size is 7.

‘ nominal size ‘ average size ‘ extended size ‘ utility

A 3 5 7 12
B 2 25 3 6
C 2 2.5 3 5
D 1 1.5 2 5
( s 1)
7 size

Average values
Best solution for average values: A-D. Utility: 19.

Average values

If probability to get the nominal size was 0.5 and probability to get the
extended size was 0.5, the probability of infeasibility for A-D would be 0.5.
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Example: Robust Knapsack

Knapsack size is 7.

| nominal size | extended size | utility

A 3 7 12
B 2 3 6
C 2 3 5
D 1 2 5
(» L)) |
7 size

Uncertainty set [ =1
Best solution when 1 deviation is allowed: B-C-D. Utility: 16. J
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Knapsack size is 7.

| nominal size | extended size | utility

A 3 7 12

B 2 3 6

C 2 3 5

D 1 2 5

(=0 |
7 size

Uncertainty set [ =1
Best solution when 1 deviation is allowed: B-C-D. Utility: 16. J
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Example: Robust Knapsack

Knapsack size is 7.

| nominal size | extended size | utility

A 3 7 12

B 2 3 6

C 2 3 5

D 1 2 5

(= X o [») |
7 size

Uncertainty set [ =1
Best solution when 1 deviation is allowed: B-C-D. Utility: 16. J
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Example: Robust Knapsack

Knapsack size is 7.

| nominal size | extended size | utility

A 3 7 12

B 2 3 6

C 2 3 5

D 1 2 5

(= | o o]
7 size

Uncertainty set [ =1
Best solution when 1 deviation is allowed: B-C-D. Utility: 16. J

Still the best solution when ' = 2. }
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Uncertainty sets

Three sets can be considered

e box uncertainty
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Uncertainty sets

Three sets can be considered

e box uncertainty

e ellipsoidal uncertainty
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Uncertainty sets

Three sets can be considered
e box uncertainty
e ellipsoidal uncertainty

e polyhedral uncertainty
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Multi stage robust optimization

Sometimes, static robust optimization models can be too conservative but
the problem can be formulated as 2-stage robust optimization problems.

min ¢y + dx
st. Fy+ Gx < b(§) VEe=
yvely xeX
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Multi stage robust optimization

Sometimes, static robust optimization models can be too conservative but
the problem can be formulated as 2-stage robust optimization problems. J

min ¢y + dx
st. Fy+ Gx < b(§) VEe=
yvely xeX

o first stage: decide y =y s.t.
Ix € {X | Gx < b(&) — Fy,V¢ € =}

@ second stage (after uncertainty is revealed) : decide x
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Multi stage robust optimization

min ¢y + dx
st. Fy+ Gx < b(§) VéEe=
yely,xe kX

Even better!

o first stage: decide y € Y that minimizes

cy +max min dx
£e= xeF(y.£)

where

F(y, &) ={& | Gx < b(§) — Fy}

@ second stage (after uncertainty is revealed): decide x
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Robust optimization

Budgeted uncertainty

[: number of parameters that can deviate simultaneously from their
nominal value
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Robust optimization

Budgeted uncertainty

[: number of parameters that can deviate simultaneously from their
nominal value

Two-stage robust optimization

Some variables can be decided after the realization of uncertainties
(adjustable or recourse variables).
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Robust optimization

Budgeted uncertainty
I": number of parameters that can deviate simultaneously from their
nominal value )

Two-stage robust optimization
Some variables can be decided after the realization of uncertainties
(adjustable or recourse variables).

1: First stage/ Here and now decisions

@ Realization of uncertainty

2: Second stage/ wait and see decisions
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Outline

© A scheduling problem
@ Job Shop Scheduling Problem (JSSP)
@ Robust optimization
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Job Shop Scheduling Problem (JSSP)

Definition
Data:
@ Set of machines M = {1,2,...}
@ Set of n jobs J = {1,2,..,n}, each job i consists of n; operations

Constraints:
@ Precedence relation between consecutive operations of the

same job.
@ A machine can only process a single task at a time.
v
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Job Shop Scheduling Problem (JSSP)

Definition
Data:
@ Set of machines M = {1,2,...}
@ Set of n jobs J = {1,2,..,n}, each job i consists of n; operations

Constraints:
@ Precedence relation between consecutive operations of the
same job.
@ A machine can only process a single task at a time.

Objective function
@ Minimize the total time of the schedule (Makespan): Cpax
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Example — Robust JSSP

M1 M2
O11 [7.12]

1[0, | B9
01| [3.8

J2 [ 0a [4.6]
051 | [10,11]

J3 [ 05, [10,12]
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Example — Robust JSSP

M1 M2 Processing times:
011 [7.12] ’
J1| O1p 5,9 Conax Worst
01 3,8 r=0|r=2/| case
J2 02’2 [4,6] Snom 23
031 | [10,11]
J3 1 O3 [10,12]
MZ( O1,1 1 922 ) € O3,2 )
oy (%21 ] 03,1 %12 )

Figure: Nominal solution ' =0  GCnax =23
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Example — Robust JSSP

M1 M2 Processing times:
011 [7.12] & '
J1 | O1p 59 Cinax Worst
O>1 3,8 r=01r= case
J2 02’2 [4'6] 5nom 23 30 52,1 = 53,2 =1
0Os1 | [10,11] Srob
J3 | Osp [10,12]
o @i ) (%22 ) ( 03,2 ) )
I (©2.1) 1 O3,1 1 %12 )

Figure: Nominal solution =2  Gunax = 30
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Example — Robust JSSP

M1 M2 Processing times:
0171 [7,12] ’
J1| O 5,9 Conax Worst
0>1 3,8 r=01r= case
J2 02’2 [4'6] 5nom 23 30 52,1 = 53,2 =1
0Os1 | [10,11] Srob 2%
J3 | Osp [10,12]
s C O] ( 03,2 %22 )
G 03,1 ) EZFD GEITHD)]

Figure: Robust solution ' =0  Cnax = 24
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Example — Robust JSSP

M1 M2 Processing times:
O11 [7,12] .
J1[ 02| [5.9 Cinax Worst
021 3.8 r=0|r= case
J2 | O 4.6] Shom 23 30 | &H1=&2=1
Os1 | [10,11] Sop | 24 28 | &G11=8&p=1
J3 | Osp [10,12]
Y cr— ) R F R W 61|
2 ( T 1921 ] %12 )

Figure: Robust solution I' =2 Cnax = 28
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Outline

© Solving the robust Jobshop scheduling problem
@ Extended Models
@ Worst case evaluation
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan

Determine a sequence of operations on each machine

first stage and the maximum makespan
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan

Determine a sequence of operations on each machine
first stage and the maximum makespan

Find a start time for each operation, for each scenario,
respecting:
second stage :
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan

Determine a sequence of operations on each machine
first stage and the maximum makespan

Find a start time for each operation, for each scenario,
respecting:

second stage : @ Precedence constraints between operations of the

same job
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan

Determine a sequence of operations on each machine
first stage and the maximum makespan

Find a start time for each operation, for each scenario,
respecting:
second stage : @ Precedence constraints between operations of the

same job

@ Sequences on the machines
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Robust optimization

Two-stage robust job-shop scheduling problem

Objective : minimize the makespan

Determine a sequence of operations on each machine
first stage and the maximum makespan

Find a start time for each operation, for each scenario,
respecting:
second stage : @ Precedence constraints between operations of the
same job
@ Sequences on the machines

@ The maximum makespan

Laurent Houssin Robust optimization in scheduling 16 / 51



Extended Models

Mixed integer linear programming

Disjunctive Model:

@ Shen, Dauzére-Pérés, and Neufeld 2018

Decision variables:

® yijk: equal to 1 operation O;; is processed before operation Oy

@ t;j¢: start time of operation O; in scenario

Laurent Houssin Robust optimization in scheduling 17 / 51



Extended Models — Robust JSSP

Mixed integer linear programming

min Cnax
t.q.
Crax > tin (&) +pinm(§) VieT VEeU

tijr1(§) = ti () + pi(€) VieT,Vje{l,...,n—1}L,VEeU

tin 1 (&) > tir (&) + pir jr (&) — Yijir o H VYm e M,¥(01;, 0;) € T5,VE €U

tr 1 (€) = tir 1 (€) + Pig(€) — (L= yijr)H  ¥m e M,¥(0y;,0) € I, VE €U

vijry €401}  Y(i,i") e T Vi€ {1,...,n},
vj" e {1,...,nj}
t i (§) >0 Vie J,Vje{l,...,m}VEelU
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Extended Models

Constraint programming

Decision variables:

@ task;j¢: interval variable between the start and the end of the
processing of operation O;; in scenario &

@ seqsm¢: sequence variable of tasks scheduled on machine m in
scenario &

Laurent Houssin Robust optimization in scheduling 19 / 51



Extended Models

Constraint programming: IBM CP Optimizer

min Crax
t.q.
Cnax > EndOf (taskin¢) Vi€ J,VEelU
EndBeforeStart(task; ¢, taski ji1,¢) Vie J,¥je{l,...,ni—1},VéelU

NoOverlap(seqsm,¢) VYme M,V el
SameSequence(seqsm 1, S€qSm.¢ ) VYme M, V¢ el \ {1}
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Decomposition methods are often used in robust optimization. )
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Decomposition methods are often used in robust optimization.

We need:
@ a Master Problem
@ identify a worst case scenario

@ add information to the Master Problem

Laurent Houssin Robust optimization in scheduling
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Decomposition algorithm

Master problem: robust JSSP
considering only a subset of scenarios [—————
update LB

Sequence

!

Subproblem: worst case scenario
update UB

LB = UB LB < UB
[ Optimal solution } ‘ Add information

Laurent Houssin Robust optimization in scheduling 22 /51



Master problem — MILP

Relaxed version: S C U/

min Chax
t.q.
Cinax > ti.n; (&) + pi,ni(§) Vie J,v£ eS8

tij+1(§) =ty (&) +pij(§)  Vie T Vie{l,...,n —1}LVEES

tr (&) =t (&) + pir (&) = Yijr yH  Yme M, V(0i), Opp) € Tp,VE € S

to (€)= tw (&) + pis(€) — (L= yijr ) )H  Ym e M,¥(0i),0;5) € Ip,VE €S

vy €{0,1  V(i, i) e T3V €{1,...,n},
vj' e {1,...,nj}
ty 1 (€) >0 vVie J,vje{l,...,n},YVE €S
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Master problem - CP

Relaxed version: S C I/

min Crax

s.t.

Crmax > EndOf (task; p, ¢)
EndBeforeStart(taski j ¢, taskj j1,¢)
NoOverlap(seqsm ¢)
SameSequence(seqsm 1, S€qSm.¢)

Vie J,V¢eS

Vie J,Vje{l,...,ni—1},Vee S
VYme M,V¢ e S

VYme M, V¢ € S\ {1}
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Adversarial subproblem

Worst case evaluation Worst case
Sequence S .
makespan maximization scenario
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Adversarial subproblem

Worst case evaluation Worst case
Sequence S .
makespan maximization scenario

Methods :
@ Mixed integer linear programming

@ Constraint programming
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Adversarial subproblem

Worst case evaluation Worst case
Sequence S .
makespan maximization scenario

Methods :
@ Mixed integer linear programming

@ Constraint programming

The subproblem can be solved in polynomial time! )
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Worst case evaluation

M2E O1,1 ) ( O3.2 922 )
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Worst

case evaluation

O3 2

%22 )

(
) XD ¢

O1,2

)]

8

10 12
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Worst case evaluation

I ( O1,1 ) ( 03,2 1 922 )
( 03,1 %22 O1o2
o 2 4 6 8 10 12 14 16 18 20 22 24 26 28

The worst case is a longest path.
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Worst case evaluation

Longest path:
max Z ay,vcosty, v
(u,v)eA’!
s.t.
Z dstart,u — 1
(start,u)e A’
Z ay,end = i
(u,end)e A’
Z By = Z av,u=0 Yue N’
(u,v)e A’ (v,u)e A’
au,v € {0,1} Y(u,v) € A/
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Worst case evaluation

Longest path:
max Z ay,vcosty, v
(u,v)eA’!
s.t.
Z dstart,u — 1
(start,u)e A’
Z ay,end = i
(u,end)€ A’
S s 3 wemo wew
(u,v)e A’ (v,u)e A’
auy >0 Y(u,v) € A
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Worst case evaluation

Longest path: Dual:

max g ay,vcosty,y min Ceng
(u,v)eA s.t.

SHIS
Cy — Gy > costy,y Y(u,v) € A/

C,>0 Yue N’

E dstart,u — 1

(start,u)e A’

§ ay,end = i

(u,end)e A’
Z By = Z av,u=0 Yue N’
(u,v)e A’ (v,u)e A’

auy >0 Y(uv)eA
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Compact model

By combining the dual of the worst case problem with the constraints of
the deterministic problem, we can obtain a compact formulation.

Compact Model

CZI-: worst-case end date of operation O;; considering no more than «
deviations.

Crax > G,  VieJ

C,j’leC,:’j—kb,-JH ViEJ,VjE{l,...,n,‘—l},V’yE{0,...,r}
Ci',yj—:llz C;?j+ﬁf,j+1+f)ivj+1 VieJ,VjE{1,...,n,-—1},V'y€{0,...,I'—1}
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Adding information

o Logic Benders cuts
@ Column and constraint generation with MIP Master

@ Column and constraint generation with CP Master

Laurent Houssin Robust optimization in scheduling 29 /51



Adding information |

Cmax Z Ch

max

Logic Benders cuts
(1 — NomberOfChanges) J
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Adding information I

Column and constraint generation with MIP Master

Variables:

(&) VieJ,Vie{l,...,n}

Constraints:

Cnax 2 i,5,(E0) -+ Pin:(E5)

tij+1(85) = pij(&r) + tir i (&5)

tin o (&n) = tin (&) + pir jo (&) — Yij.ir o H
tirjr(§n) = tirj (&h) + Pii(h) — (1 — yigirj )H

vVieJ

Vie J,¥je{l,...,n—1}
VYm e M,¥(0;;,0; ;) € T2,
VYm e M,¥(0;}, 0; /) € T2,
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Adding information Il

Column and constraint generation with CP Master

Variables:

taSk;7j7§; Vi e J,V_/ € {1, ooy n,-}

seqsmer  Vm e M
Constraints:

Crnax > EndOf (taski | am.¢-)
EndBeforeStart(task;, S task;, j,g;;)
NoOver/ap(sequ,g; )

SameSequence(seqsm,1, Seqsm,¢:)

VieJ
Vie J,Vje{l,...,n — 1}
Yme M
Yme M

Laurent Houssin Robust optimization in scheduling
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Solving the problem: Summary

6 Methods
o Extended Models
MIP Master
CP Master
o Compact model
@ Decomposition methods

Logic Benders cuts
CCG with MIP Master
CCG with CP Master
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Solving the problem: Summary

Robust scheduling problem
with budgeted uncertainty

R
i Decomposition

Compact

Extended
formulation

formulation

Benders

cea

~ -

Dual

Worst-case evaluation:
Longest path problem
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Outline is still valid for the flowshop problem. J
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Outline is still valid for the flowshop problem. J

Outline still valid for the flexible JSSP. J
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Outline is still valid for the flowshop problem. J

Outline still valid for the flexible JSSP. )
Assign each operation to exactly one of the eligible
machines
Determine a sequence of operations on each machine

first stage : and the maximum makespan

Find a start time for each operation, for each scenario,
respecting:

second stage : . .
& @ Precedence constraints between operations of the

same job
@ Sequences on the machines

@ The maximum makespan
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Computational experiments

90 small instances:
» from 4 to 9 jobs
» from 4 to 6 machines
» nominal duration and deviations randomly generated

58 instances from literature:

» from 6 to 30 jobs

» from 6 to 15 machines

» deviations randomly generated
e Uncertainty budget: I € {5%, 10%, 15%,20%} of the number of
operations

Time limit: 1 hour

Laurent Houssin Robust optimization in scheduling 36 / 51



Results
Small instances:

|7l M| Compact Benders CCGpp CCGcp
#opti. t (s) #opti. t (s) #opti. t (s) #opti. t (s)
4 4 20 0.19 20 0.43 20 0.27 20 0.14
4 5 20 0.28 20 0.56 20 0.64 20 0.7
4 6 20 0.2 20 0.57 20 0.72 20 0.37
5 4 20 0.42 20 31.55 20 1.85 20 0.66
5 5 20 0.45 19 3.88 20 2.42 20 1.45
5 6 20 0.45 18 3.45 20 9.07 20 18.18
6 4 20 1.09 20 420.08 20 10.45 20 3.76
6 5 20 1.36 20 187.05 20 117.45 20 99.62
6 6 20 2.39 20 461.39 19 318.83 20 314.13
7 4 20 7.01 8 1018.85 19 219.45 20 220.39
7 5 20 8.1 10 430.8 16 229.13 18 126.83
7 6 20 59.44 5 995.98 10 463.2 13 720.04
8 4 18 614.37 0 - 16 199.86 20 32.9
8 5 20 123.93 0 - 8 439.96 14 772.53
8 6 20 314.32 0 - 6 697.24 11 254.55
9 4 6 1051.24 0 - 17 502.85 20 12.23
9 5 9 749.57 0 - 6 766.1 16 131.94
9 6 12 1580.57 0 - 4 187.6 8 80.37
37 /51



Results

Instances from literature:

Tl M| # Compact Benders CCGpp CCGcp
#Best  Gap(%) | #Best Gap(%) | #Best Gap(%) | #Best Gap(%)

6 6 4 4 0 4 0 3 2 4 0
10 5 20 18 15.28 10 48.2 7 11.13 15 7.67
10 10 72 29 21.87 30 52.39 9 27.89 11 24.42
15 5 20 12 44.15 19 66.45 6 57.35 19 21
15 10 20 1 44 16 62.9 1 58.15 2 33.8
15 15 20 0 40.7 15 61.95 3 59.5 2 42.4
20 5 24 2 61.92 16 75.67 4 70.5 22 115
20 10 20 0 50.9 4 71.15 1 67.65 15 31.85
20 15 12 0 - 3 66.25 0 65.83 9 47.25
30 10 20 0 - 0 80.25 0 79.35 20 19.05

Laurent Houssin Robust optimization in scheduling
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Jobshop: Instances from literature

100 -
— Compact
S0 —— Benders
—CCGumrp
< — CCG
2 60| or
=
8
E 40 -
20 -
0 |
| | | | |
0 20 40 60 80
Gap (%)
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Flowshop: Instances from literature

Percentage

100 .
— Compact
801 | |—— Benders
—CCGuprp
60l | |— CCG¢p
40 - 1
20 | s
0 | .
| | | | |
0 20 40 60 80
Gap (%)
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Acceleration method

In the CCG framework, solving the MP is the most time consuming part. )
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Acceleration method

In the CCG framework, solving the MP is the most time consuming part. J

)

Operations Research Letters ~

Volume 51, Issue 1, January 2023, Pages 92-98

An inexact column-and-constraint
generation method to solve two-stage
robust optimization problems

Man Yiu Tsang &, Karmel S. Shehadeh & &, Frank E. Curtis &

Tsang et al. (2023) proposed an inexact CCG but this method does not, in
general, converge to the optimal solution. J
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Acceleration method

In the CCG framework, solving the MP is the most time consuming part. J

Operations Research Letters S

Volume 51, Issue 1, January 2023, Pages 92-98

An inexact column-and-constraint
generation method to solve two-stage
robust optimization problems

Man Yiu Tsang &, Karmel S. Shehadeh & &, Frank E. Curtis &

Tsang et al. (2023) proposed an inexact CCG but this method does not, in
general, converge to the optimal solution. J

We propose an acceleration method with convergence guarantee to the
optimal solution. J
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Acceleration method

Acceleration method
Iteration h of the MP is stopped when
< optimal solution of MPj, is reached

© new potential best solution is found? and time(MP}) > threshold

aObjMP,.7 (O’i) < UB
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Acceleration method

Acceleration method
Iteration h of the MP is stopped when
< optimal solution of MPj, is reached

© new potential best solution is found? and time(MPy,) > threshold

aObjMPh (O’i) < UB

Acceleration method converges to an optimal solution with finite steps. J
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Jobshop: Instances from literature

100 - |
80 ]
&
s 60 |- ]
=
8
Oq? 401 Compact
— Benders
20 |- — CCGecp
— CCGuiLp
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Flowshop: Instances from literature
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Conclusion

Conclusion

e Two-stage jobshop/flowshop scheduling problem with budgeted
uncertainty

@ Six exact methods

Further works
@ Consider new paradigm for the uncertainty set: DRO.

@ Extending the hybrid method to other robust scheduling problems
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No-wait Flowshop problem

Joint work with R. McGarvey (IESEG, Paris).

Problem
@ Flowshop
Set-up times

o
@ No-wait constraint (no idle time between elementary operations)
(]

Minimize makespan
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No-wait Flowshop problem

Joint work with R. McGarvey (IESEG, Paris).

Problem
@ Flowshop
@ Set-up times
@ No-wait constraint (no idle time between elementary operations)

@ Minimize makespan

CJSP Example

o Data:

3 Jobs
3 machines
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No-wait Flowshop problem

9 12 15 18
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Robust No-wait Flowshop problem

Robust version
Unknown processing times
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Robust No-wait Flowshop problem

Robust version

Unknown processing times

Model as 2-stage robust optimization problem
o First level variable: sequence

@ recourse variables: starting time of all tasks
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No-wait Flowshop problem

0 3 6 9. 12 15 18
M I ) ) - C ) )
My D N G ) )
Ms() ) )

Laurent Houssin Robust optimization in scheduling



No-wait Flowshop problem
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No-wait Flowshop problem
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No-wait Flowshop problem
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No-wait Flowshop problem

ext

Laurent Houssin Robust optimization in scheduling 50 / 51



No-wait Flowshop problem

L9 12 15 18
) - () 1 )
) () (C

X ) @D
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X ) @D ¢

Fun fact

Surprisingly, increasing the duration of a task can lead to a lower
makespan!
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Advertisement: PMS 2026

Toulouse

IMPORTANT DATES

« Extended abstract submission deadline: Nevember28;2625-Extended (final) deadline December
15, 2025

« Acceptance notification: January 30, 2026
« Final paper submission deadline: February 13, 2026

- Early bird registration deadline: February 13, 2026
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IMPORTANT DATES

« Extended abstract submission deadline: Nevember28:20825-Extended (final) deadline December

15, 2025
« Acceptance notification: January 30, 2026
« Final paper submission deadline: February 13, 2026

« Early bird registration deadline: February 13, 2026

Thank you for your attention!
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Shen, Liji, Stéphane Dauzere-Péres, and Janis S. Neufeld (2018).

“Solving the flexible job shop scheduling problem with
sequence-dependent setup times”. In:
European Journal of Operational Research 265.2, pp. 503-516.
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Worst case evaluation - MILP

max Cmax
g g &ij=T
i€J jeo;

tij— (ty jo +pirjr + &y - P jr) <H-(1=b;j 1)

Z bijiry =1

(" J")EA; ;
ti1 =20
Cmax — (ti,n; + Pi,n; + Eimy - Piyn) < H- (1 — d)
&y €40,1}
b; ;i € {0,1}
di € {0,1}

Vvie J,Vje O,
v(i',j") € Aij
Vie T NVjeO;i |Aij#0

VieTJ|Aiog=10

vieJ

vie J,Vj € O;

Vie J,Vj€ O0,v(i",j) €A
vieJ

with A; ; the set of immediate predecessors of operation O; ;
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Worst case evaluation - CP

max Cmaxtaskj1.start =0 Vie J|Aj1=0
task; j.start = max({task; j.end | Oy y € A;;}) Vie J,VO;; € O;
StartAtEnd(dev; j, task; ;) Vi€ J,VO;; € O;
Z Z HeightAtStart(dev; j, StepAtStart(dev; j,1)) =T
i€J jeo;
Cmax = max(Uyje 7 ({task; n;.end} U {dev; p,.end}))
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Subproblem - Graph

Robust optimization in scheduling



Adding information |

Logic Benders cuts
Cnax > CP (1 — Z = i)
(i4,i" j')ec
with Dy = {(i,j, i, j') | 7; » j» = 1}, the set of disjunctions selected at
iteration h.
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Compact model Jobshop

s.t.

Coax > C .

Gy = G+ Pijn

C,-Zill > G+ Pijr1 + Pije1

G > C,-7,j/ +Bij — Vi H

C,-WJH > CJ 4 Pij+bij— Yiji g H
Gl = Clh+bij— A —yijmg)H

CI.',Y;,I > G+ b+ bij— (L= yijirj)H
C > Pt

C,tjl > ﬁi,l + ﬁi,l

min Cmax

VieJ
vie J,Vje{l,
vie J,vje {1,

¥m € M,¥(0;, 0; ;1) € I3,%v € {0, . ..

vieJ
vieJ, Vye{l,...,T}
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...,n—1}, vy e {0,..
vm e M,¥(0;;,0; ) € I3, ¥y € {0, ...
vm e M,¥(0;,0; 1) € I2,9y € {0,...
vYm € M,¥(0;,0; ;1) € I3, ¥y € {0, ...

7r}

L T—1}
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T}
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Robust flowshop — Extended fomulation — MIP

min Cmax
s.t.
171
Zz;y, =1 vie{1,....|7}
i=1
Ed
Zz,—y/ =1 VvieJg
I=1
17
Z(P/,j(E)ZMH) + Y141,m(&) + xi11,m(8) =
i=1
171
D GO0 + (€ + 51,mea(€)  VmE M\ (Miaqh, VEE S VIE (11T~ 1)
i=1
m—1 |TJ|
Z Z(p,—,j/(s)z,-,n —xm(€) VmeM, VEES
m'=1 i=1
171 171
Cmax > pi,am(€) + X m((§)  VEES
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JSSP instances from literature

Benchmark Reference #Instances Size Processing time
£t6,10,20 fisher1963probabilistic 3 6x6, 1010, 20 X 20 [1,10], [1,99]
10x 5,15% 5, 20x 5,
1a01-40 lawrencel984resource 40 10x 10, 15x10, 20x 10, [5,99]
30x10, 15x15
abz5-9 2dams1088shifting 5 T0Xx10, 20x 15 [50,100], [25,100],
[11,40]
orb1-10 applegate1991computational 10 10x 10 [5,99]

Table: Characteristics of JSSP instances from literature.
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CCG_ACC

Algorithm 2: Acceleration method for column and constraint gen-
eration algorithm (CCG_ACC)

Input: threshold, S'
Initialisation:
|_ LB« 0,UB « 400, h « 1
Master problem:
Start a new search to solve M P, with S = S*
repeat
| Improve the current M P, solution o;
until optimality or (objyp,(0;) <UB and
time(M P;,) > threshold)
O‘h «— O'i
LB « max(LB, Lyp,)
Subproblem:
Solve worst-case scenario evaluation for sequence o},
UB « min(U B, 0bj%, ,(5;))
if LB < UB then
h+l _ gh
st =stug;
h<h+1

Go back to Master problem
else

L Return o,

Laurent Houssin
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