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ing to 1|y
Problem To optimize To respect
1lerly the scheduling cost (y) renting interval length of at most K"
1lyler renting interval length (er) scheduling cost at most K
1]|(y, er) Pareto-front of y and er -

ly+A-er the sum of y and A - er

*: 1 2 0 denotes the renting cost per time unit.
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Problem Y Complexity

ZC,- O(nlogn) (Smith [4])
1y Zw;C/ O(nlogn) (Smith [4])
max L; O(nlogn) (Jackson [2])
Z w;Uj O(nP) (Lawler and Moore [3])
Z Cj Open
Herly Z w;Cj Open
max L; Open
Z w;Uj Open
Z Cj Open
lyler Z w;Cj Open
max L; Open
Z w;Uj Open
Z Cj Open
iy, er) Z w;Cj Open
max L; Open
Z w;Uj Open
Z Cj Open
iy +er Z w;Cj Open

max L; Open

Z w;Uj Open
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ller| Y C; is NP-hard

EvEn-Opbp-ParTiTiON: Given integers ay, . . ., dy, With a;,_; < a; for k = 2,...,2m and with total value 2B, is
there a subset of m of these numbers with total value of B such that for each k = 1, ..., m exactly one of the pair
{ask—1, ax} is in the subset?
Given such an instance of EvEN-Opp-ParTITION, We construct an instance of 1|er| Z C; with 2m + 2 jobs as
follows:
@ J={l,....2m+2}and J" = 2m+ 1,2m + 2},
@ pj=B>+a;foreachj=1,...,2m,
@ ponr1 =0and pyp =C+ D+ 1, and
@ K" =poysr +mB+B
where .
C = (m+1=K)pauct +px) + (mB* + B)m + 1)
k=1
and
2m
D="p; =2mB"+2B.
j=1
Claim: There is a feasible schedule with total completion time of no more than 2(C + D) + 1 if and only if the
answer to the instance of EVEN-OpD-PARTITION is yes. 7/35
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om+1)=2m+1

Jobs before 2m + 1 T Jobs after 2m + 1 C+D+1

}o

om+2)=2m+2

o(m)
a(m+2)
o(2m+ 1)

0 mB® + B D =2mB* +2B

Job 2m + 2 is the last job in o and job 2m + 1 is not started before mB* + B.

C+2D+1

Exactly m jobs are scheduled between 2m + 1 and 2m + 2 in o.
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Step 1: Create a sequence according to WSPT|]

Renting interval = 31

6 <« » 37
10 7 ' 4 3 2 2 2 1
8] 5 4 [ 1] s 1 | 2 |3
P*37>
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An example of 8 jobs

p1=8 p2=4 p3=3 pa=6 ps=4 6 =6 p1=4 pg=2

wy =16 wy =8 w3 =3 wy =24 ws =28 we = 12 wy =12 wg =20

L v Jle JI e JEs s J[7 J[8]
wilpi = 2 2 1 4 7 2 3 10

Step 1: Create a sequence according to WSPT|]

Renting interval = 31

A
Wi~y

8] 5 4\5\6 1 | 2 ]

P =37

If K" > 31, this sequence is optimal.

But, what if K" < 31?
9/35
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What if K" = 23?

Step 2: Re-number jobs according to WSPT.

Renting interval = 31

p=2 p=4 - p=6 p=4 p=6

8] s 4 | 7] s IEERE
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Three different scenarios

Scenario 1:
Renting interval = 23
10 33
p=2 p=4 p=4 p=6 p=6 p=8 p=3"' p=4
I 1 I 2 ‘ 4 3t 5 6 8:B 7
T T >
0 P=37
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Three different scenarios

Scenario 1:

Renting interval = 23
N———————— P 33

p=2 p=4 p=4 p=6 p=6 p=8 p=3"' p=4
I 1 I 2 ‘ 4 @ 5 6 8:p 7
T T >
0 P=37
Scenario 2:
Renting interval = 23

vt P37
p=2 p=4 p=8 ' p=6 p=4 p=6 p=4 p=3:
J 1 I 2 ‘ 6 3:a ‘ 4 ‘ 5 ‘ 7 ‘S:B

T T >
0

Z w;Ci = 1943
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Three different scenarios

Scenario 1:
Renting interval = 23
10 33
p=2 p=4 p=4 p=6 p=6 p=8 p=3"' p=4
I 1 I 2 ‘ 4 3:a 5 6 8:8 7
T T >
0 P =37
Scenario 2:
Renting interval = 23
Mt B3]
p=2 p=4 p=8 : p=6 p=4 p=6 p=4 p=3:
J 1 | 2 ‘ 6 3:a ‘ 4 ‘ 5 ‘ 7 ‘ 8:p8
T T >
0 P=37
Z w;Ci = 1943
Scenario 3:
Renting interval = 23
6 < » 29
p=2 p=4 p=6 p=4 p=6 p=4 p=3" p=8
I 1 I 2 3:a ‘ 4 ‘ 5 ‘ 7 ‘ 8:p 6
T T >
0 P =37

> wiCi = 1775 11/35
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0 — 0Xxy
er> K"
J[l,a—1] Jla, Bl JIB+1,n]
Given sequence o (the WSPT sequence) 0 P "
er <K’
| sLe-1 Jep\ oy [¥ [ s+t
0 P g

I try to find sequence oy y

that minimizes Z w;C;.

**Remember: Jobs are re-numbered according to WSPT.
**Note: S=XUY CH.
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Let us construct X* and Y~

P1 P2
— ——
| [ x [] [[ ]
- -
¥ ¥
0 la a B g+l P

For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xip, € argmin{fi,(X)} and Y, ,, € argmin{g,(Y)}.
XEXW] Yeyk,pz
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For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xip, € argmin{fi,(X)} and Y, ,, € argmin{g,(Y)}.

XeXip, YeYyp,
v
We find the optimal triple (x, o1, 02)
", pi.p3) € argmin (eXip)) + 8c(Yiepy)}

(&p1.02)lpU @ B)-p1—p2<K”

.
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P1 P2
| NI EiEa
* *
0 Ia a B Ig+1 P

For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xip, € argmin{fi,(X)} and Y, ,, € argmin{g,(Y)}. Done in O(nP2) — next slide

XEXW] Yeyw2
)
We find the optimal triple (x, o1, 02)
(K*,p3,p3) € arg min (e X)) + 8c(Yiepy)} Done in O(nP).

(&p1.02)lpU @ B)-p1—p2<K”

.
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Dynamic programming for computing X, ,

0 ifo=0
co  otherwise ’

{ 01,G—1,0=p) +w;-(ta +0) iijJo}

O1p(a = 1,0) ={

00 ifjeJr
01,,G = 1,0) +w; - (pU[L,jD) +p —0)

01,G,0) = min{
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We want to minimize the sum Z w;Cj + A -er.

Ay By

p=2 p=4 p=6 p=4 p=6 p=8

W(A;;)p;l -A- P4 — W4P(A4) <0
—_———— —
moving Ay forward moving 4 backward
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We want to minimize the sum Z w;Cj + A -er.

Ay By

[0 37
p=2 p=4 p=6 p=4 p=6 p=8 p=4 p=3"
(1] 2 3 | 4] s ERE

w. w(As) — A
WADps — A-ps— waP(As) <0 — 2> wid) -4
—_  — P4 P(As)
moving Ay forward moving 4 backward
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We want to minimize the sum Z w;Cj + A -er.

PR B4 37
p=2 p=4 p=6 p=4 p=6 p=8 p=4 p=3"
(1] 2 3 | 4] s ERE

w. w(As) — A
WA - dopi— WP <0 - 2, MAd2
_— P4 P(As)
moving Ay forward moving 4 backward
. wy N w(J")
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We want to minimize the sum Z w;Cj + A -er.

—W(B;L)‘IM -1 P4+ W4P(B4) <0
—_— —————

moving By backward moving 4 forward
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We want to minimize the sum Z w;Cj + A -er.

By + A4
—W(B;L)‘IM -1 P4+ W4P(B4) <0 - & < M
_ = P4 p(Bs)

moving By backward moving 4 forward

18/35



wiCj+A-er

1|
o

We want to minimize the sum Z w;Cj + A -er.

Wy w(Bg) + A

—W(B;L)‘IM -1 P4+ W4P(B4) <0 - — <
RS AT TR pe ~ p(BY)
moving By backward moving 4 forward
wy  w(lJ")
— —
ps pUn)
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So, if

\on S w(Ay) — A N Wy S w(J")

74 a > ,
P4 P(Ag) ps  pU"
then 4 is moved before the Renting interval (— X).
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1l )" wiCj + A - er for job 4

So, if
wi WAy - A

— an
P4 P(Ag) ps  pU"
then 4 is moved before the Renting interval (— X).

wy  w(J"

~

and if

Wy w(By) + A wy < w(J")

P4 P(Bs) ps pU")
then 4 is moved after the Renting interval (— Y).

bl
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1l )" wiCj + A - er for job 4

So, if
W WAy v W
P4 P(Ag) ps  pU"
then 4 is moved before the Renting interval (— X).
and if
wy  w(Bg)+ A wy  w(lJ")
— < — d —«< R

an
P4 P(Bs) ps pU")
then 4 is moved after the Renting interval (— Y).

Otherwise 4 stays inside the Renting interval. 19/35



1||ijcj+a-er

1|
o

X, = {? eH:

Y, := {? €eH:

w;iCj+A-er

%
pj
¥

Pj

w(A}) - A

p(A))

w(B;) +

p(B))

%

Wi

pj

ZW(J)
pj

pU")
w(J")
pU")

2
)
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Wi

Xlzz{jeH:—>

Dj
Wi

YJ::{jeH:—<

Pj

w(A;) - A

p(A))

w(B)) + A

p(B))

%

Wi

pj

. w(J’)}
pi pUNJ’

w(J’)}
pUN |-

Ox,.y, is an optimal sequence for 1|| Z w;C; + er with unit rental cost A.
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Wi

Xﬁzz{jeH:—>

Dj
Wi

YJ::{jeH:—<

Pj

w(A;) - A

Ay
w(Bj) + A

p(B))

%

Wi

pj

. w(J’)}
pi pUNJ’

W(J’)}
pUN |-

Ox,.y, is an optimal sequence for 1|| Z w;C; + er with unit rental cost A.

1]| Z w;Cj + A - er can be solved in time O(nlog n).
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1ler| max L;
0®00000

l|ler| max L; is NP-hard

m

PartiTION: Given integer numbers ay, . . ., a,, is there a subset of {ay, ..., a,} with total value of B = % Z a;?
i=1
Given an instance of PARTITION, we construct an instance of 1|er| max L; with m + 2 jobs as follows:
@ J={l,....m+2}andJ ={m+1,m+2},
@ pi=ajandd; = 2B+ 1 foreachj=1,...,m,
@ pu1=1,dp1 =B+ 1,pyr=1and d,» =2B +2,and
@ K"=B+2.
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1ler| max L;
000000

l|ler| max L; is NP-hard

B B
Jobs before 1 + 1 [m+1] Jobs after m + 1 [m+2]
di=2B+1
0 dps1 =B+ 1 ds2 = 2B+2

There is a feasible schedule with maximum lateness of at most zero if and only if the answer to the instance of
PARTITION is yes.
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er > K"

J[1,—1] Jla, Bl JIB+1,n]

Y

Given sequence o (the EDD sequence) 0

**Remember: Jobs are re-numbered according to EDD.
**Note: S=XUY CH.
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1ler| max L;

[e]ee] Tolele]

er > K"

J[1,—1] Jla, Bl JIB+1,n]

Y

Given sequence o (the EDD sequence) 0 P

er < K"

J,a-1] Ja, B\ (XUY) ‘ Y ‘ JIB+1,n]

Y

I try to find sequence oy y 0 P

that minimizes max L;.

**Remember: Jobs are re-numbered according to EDD.
**Note: S=XUY CH.
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1ler| max L;
0000800

Splitting the Renting interval

For each instance of 1|er|max L; there exists X", Y* C H with max X" < min Y" such that ox- y« is optimal.

**Remember: Jobs are re-numbered according to EDD.
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0000800

Splitting the Renting interval

For each instance of 1|er|max L; there exists X", Y* C H with max X" < min Y" such that ox- y« is optimal.

The benefit is that it shows: there is «* such that
X" CHNJa+ 1,k —1]

and
Y*CHNJK,B-1].

**Remember: Jobs are re-numbered according to EDD.
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Splitting the Renting interval

For each instance of 1|er|max L; there exists X", Y* C H with max X" < min Y" such that ox- y« is optimal.

The benefit is that it shows: there is «* such that

X" CHNJa+ 1,k —1]
and
Y CHNJK,B-1].

er > K"

JlLa-1] Ja. Bl | JIB+ 1,n]

Y

**Remember: Jobs are re-numbered according to EDD.
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1ler| max L;
0000800

Splitting the Renting interval

For each instance of 1|er|max L; there exists X", Y* C H with max X" < min Y" such that ox- y« is optimal.

The benefit is that it shows: there is «* such that

X" CHNJa+ 1,k —1]

and
Y CHNJK,B-1].
er > K"
a1l ] fen [l [, serin ]
N1/ >

P

**Remember: Jobs are re-numbered according to EDD.
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1ler| max L;
0000800

Splitting the Renting interval

For each instance of 1|er|max L; there exists X", Y* C H with max X" < min Y" such that ox- y« is optimal.

The benefit is that it shows: there is «* such that

X" CHNJa+ 1,k —1]

and
Y CHNJK,B - 1].
er > K"
][l,a—l]Al J[a,ﬁ].' |A JIB+ 1,n]
+ T — .
0 P
=

**Remember: Jobs are re-numbered according to EDD.
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Let us construct X* and Y~
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0000080

Let us construct X* and Y~

0 la @ B ign P
For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,
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1ler| max L;
0000080

Let us construct X* and Y~

P1 P2
— ——
| [ x [] [[ ]
- -
¥ ¥
0 la a B g+l P

For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xcp, € argmin{fy(X)} and Y., €argmin{g,(¥)}

X EXK,,,] Ye.‘/,(,pz
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1ler| max L;
0000080

Let us construct X* and Y~

P1 P2
| NI EiEa
* *
0 Ia a B Ig+1 P

For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xcp, € argmin{fy(X)} and Y., €argmin{g,(¥)}

XEXK,p] YE-VK./JZ
v
We find the optimal triple (x, o1, 02)
(K",p1.p3) € arg min {max{fy X, ) 8¢ (Yiep, )}

(&p1.2)lpULBl)—p1 —p2<K"

.
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0000080

Let us construct X* and Y~

P1 P2
| NI EiEa
* *
0 Ia a B Ig+1 P

For any given trio of values «, pi, and p>, we want to find the best X and Y. And then

X = Xip, and Y — Y,

X, p, and Y, ,, for every tuple (x, p1,02)

Xcp, € argmin{fy(X)} and Y., €argmin{g,(¥)} Done in O(nP) — next slide

XEXKVP] Ye_‘/,(_p2
)
We find the optimal triple (x, o1, 02)
(*,p3.p05) € arg min {max{fy Xip;)» &Yoo)} Done in O(nP).

(&p1.2)lpULBl)—p1 —p2<K"

.
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1ler| max L;
Q00000e

Dynamic programming for computing X, ,

Accelerated jobs do not have maximum lateness

Jobs in X do not imply maximum lateness since d,, < d; and C, > C; for each j € X.

Computing X,., (Similarly for Y, ,)

il

pUll,a]l)-d, ifp=0
00 otherwise

03(Ksp)s
ma"{ pULLKD) ~ d, }

03,0 —po) +p ifkeJ’
0 ifkel

Os(a + 1, p) ={

63(k + 1,p) = min
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Dynamic programming for computing X, ,

Accelerated jobs do not have maximum lateness

Jobs in X do not imply maximum lateness since d,, < d; and C, > C; for each j € X.

Computing X,., (Similarly for Y, ,)

il

pUll,a]l)-d, ifp=0
00 otherwise

03(Ksp)s
ma"{ pULLKD) ~ d, }

O3(k,0 = p) +pe ifk €S
00 ifkeJ

Os(a + 1, p) ={

63(k + 1,p) = min Done in O(nP).
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Structure of optimal schedules

er

[gEmJ"‘ CENJ ‘ TnJ" ‘gEmJ"‘ TNnJ° ‘

0 P
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0 P

‘ X ‘ Y ‘ Y ] z ‘ J\(U"UXUYUZ) ‘
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1ler]| i w;U;
oce

Structure of optimal schedules

er

[gEmJ"‘ CENJ ‘ TnJ" ‘gEmJ"‘ TNnJ° ‘

‘ X ‘ Y ‘ Y ] z ‘ J\(U"UXUYUZ) ‘

For each instance of 1|er| Z w;U; there exist disjoint sets X*,Y",Z" C J such that the sequence o x» y z- is
optimal and, moreover,

@ alljobs in X* U Y* UZ" are non-tardy in oy« y+z+,
Q@ X*uzHnJ =0, and
© max(X* U (Y"'NJ°%) <k <minZ".
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1ler]| i w;U;
oce

Structure of optimal schedules

er

[cens] cens [ war Jcens] T

0 P

[x | v [ ]z ] nuuxorug |

0 P
er

[x ]~ v ] z [nwuxoron]

TR ; g

For each instance of 1|er| Z w;U; there exist disjoint sets X*,Y",Z" C J such that the sequence o x» y z- is
optimal and, moreover,

@ alljobs in X* U Y* UZ" are non-tardy in oy« y+z+,
Q@ X*uzHnJ =0, and
© max(X* U (Y"'NJ°%) <k <minZ".
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1ler| g w;U;
(e]e] )

Let us construct X*, Y*, and Z*

l z | J\JTUXUYUZ)

Xipprs Yo, - and Zy,, for every tuple (k, p1, p2)

"
Kp1

XY cJ[lL,k—11, XNnY =0=XnJ",

py <dp,VjeXUY’,
Xeprps =3XY) | jrexGry<
p(Y' nJ%°) < K" —-p(J"),

pXUY') =pi, p1 +pUJ"\Y)
y}’(ipl =3Y" | Y’ cJ'[kn], p1 + Z py < d;,Vj
et
Zepn =Z|ZC I ln), pr+ ) py <dpVj€Z
Jezi's

=p2

cy”

|

|
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Let us construct X*, Y*, and Z*

b sets for given triple (x, p1,02) € E

Kiprpos Yip, pp) € argmax  w(X) +w(¥’),
K.Y)eXip) 09

1! 1
Ve eargm/fix w(Y’""), and
7
ey,

Zyp, € argmax w(Z)
ZeZip,
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1ler| 5 w;U;
(e]e] )

Let us construct X*, Y*, and Z*

Optimal job sets for given triple (x, p1,02) € E

Kiprpos Yip, pp) € argmax  w(X) +w(¥’),
K.Y)eXip) 09

1! 1
Y., €argmaxw(Y ), and
Y'eyl,

Zyp, € argmax w(Z)

ZeZip,
V.

We find the optimal triple (x, o1, 02)

(K*»PT,P;) € (arg m;’-’f_{w(xk,pl,pz) + W(Y,;,pl,pz) + W(Y,Zm) + W(ZK,pz)}
KP1,P2)ER
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Let us construct X*, Y*, and Z*

Optimal job sets for given triple (x, p1,02) € E

Y,

!
(XKvPl P22 LKP1,P2

KY)eXep1.0

Y//

1
op, € argmax w(Y’ )

ey
Y eyw i

Zyp, € argmax w(Z)
ZeZip,

)e argmax w(X)+w(¥’),

, and

1ler| 5 w;U;
(e]e] )

V

We find the optimal triple (x, o1, 02)

(K", p1.p3) € argmax (WX p; p,) + Wy, o) + WV,

(K:p1.p2)€E

)+ W(Zp,)t  Donein OnP*).
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Results

Conclusions

Problem b% Complexity
Z Cj O(nlogn) (Smith [4])
ly Z w;C O(nlogn) (Smith [4])
maxL O(nlogn) (Jackson [2])
Z w;Uj O(nP) (Lawler and Moore [3])
e 0(n*P)
Hlerly Z w;Cj O(nPmax(P, W))
max L; O(nP)
Z w;Uj omP*)
e 0(n*P)
yler D wiG O(nPmax(P, W))
max L; O(nP)
> wiy; 0(nP*1og(P))
G o(nP*)
1y, en) Z chf O(an)
max Lj OnP?)
> wit; 0(nP%)
Z Cj O(nlogn)
Uy +er 2 O ng )
max Lj O(nP*)
> wiy; 0(nP%)
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Conclusions

Future Research

@ Multiple machines
@ Multiple resources
@ Multiple renting intervals

@ Specific applications...?
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