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Problem definition

Four variants corresponding to 1||γ

Problem To optimize To respect

1|er|γ the scheduling cost (γ) renting interval length of at most Kr

1|γ|er renting interval length (er) scheduling cost at most Kγ

1||(γ, er) Pareto-front of γ and er -

1||γ + λ · er the sum of γ and λ · er -

*: λ ≥ 0 denotes the renting cost per time unit.
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Problem γ Complexity

1||γ

∑
Cj O(n log n) (Smith [4])∑
wjCj O(n log n) (Smith [4])

max Lj O(n log n) (Jackson [2])∑
wjUj O(nP) (Lawler and Moore [3])

1|er|γ

∑
Cj Open∑
wjCj Open

max Lj Open∑
wjUj Open

1|γ|er

∑
Cj Open∑
wjCj Open

max Lj Open∑
wjUj Open

1||(γ, er)

∑
Cj Open∑
wjCj Open

max Lj Open∑
wjUj Open

1||γ + er

∑
Cj Open∑
wjCj Open

max Lj Open∑
wjUj Open
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1|er|
∑

Cj is NP-hard

Even-Odd-Partition: Given integers a1, . . . , a2m with ak−1 < ak for k = 2, . . . , 2m and with total value 2B, is
there a subset of m of these numbers with total value of B such that for each k = 1, ...,m exactly one of the pair
{a2k−1, a2k} is in the subset?
Given such an instance of Even-Odd-Partition, we construct an instance of 1|er|

∑
Cj with 2m + 2 jobs as

follows:
J = {1, . . . , 2m + 2} and Jr = {2m + 1, 2m + 2},
pj = B2 + aj for each j = 1, . . . , 2m,
p2m+1 = 0 and p2m+2 = C + D + 1, and
Kr = p2m+2 + mB2 + B

where

C =
m∑

k=1

(m + 1 − k)(p2k−1 + p2k) + (mB2 + B)(m + 1)

and

D =
2m∑
j=1

pj = 2mB2 + 2B.

Claim: There is a feasible schedule with total completion time of no more than 2(C + D) + 1 if and only if the
answer to the instance of Even-Odd-Partition is yes. 7 / 35
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1|er|
∑

Cj is NP-hard

σ(2m + 2) = 2m + 2

σ
(1

)

σ
(m

)

σ
(m
+

2)

σ
(2

m
+

1)

... ...

σ(m + 1) = 2m + 1

0 mB2 + B D = 2mB2 + 2B C + 2D + 1

δ

Jobs before 2m + 1 Jobs after 2m + 1 C + D + 1

Claim

Job 2m + 2 is the last job in σ and job 2m + 1 is not started before mB2 + B.

Claim

Exactly m jobs are scheduled between 2m + 1 and 2m + 2 in σ.
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An example of 8 jobs

1

p1 = 8
w1 = 16

2

p2 = 4
w2 = 8

3

p3 = 3
w3 = 3

4

p4 = 6
w4 = 24

5

p5 = 4
w5 = 28

6

p6 = 6
w6 = 12

7

p7 = 4
w7 = 12

8

p8 = 2
w8 = 20

2 2 1 4 7 2 3 10wi/pi =

Step 1: Create a sequence according to WSPT↓

8
10

5

7

4
4

7

3

6
2

1
2

2
2

3
1

0 P = 37

6 37
Renting interval = 31

If Kr ≥ 31, this sequence is optimal.

But, what if Kr < 31?
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What if Kr = 23?

Step 2: Re-number jobs according to WSPT.

p = 2 p = 4 p = 6 p = 4 p = 6 p = 8 p = 4 p = 3

0 P = 37

6 37
Renting interval = 31

H = {4, 6, 7}

Step 3: Form set H of ordinary jobs between α and β.

Step 4: Find a subset S ⊆ H to be moved around such that er ≤ Kr.
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Three different scenarios
Scenario 1:

1

p = 2

2

p = 4

3 : α

p = 6

4

p = 4

5

p = 6

6

p = 8

7

p = 4

8 : β

p = 3

0 P = 37

10 33
Renting interval = 23

∑
wiCi = 1851

Scenario 2:

1

p = 2

2

p = 4

3 : α

p = 6

4

p = 4

5

p = 6

6

p = 8

7

p = 4

8 : β

p = 3

0 P = 37

14 37
Renting interval = 23

∑
wiCi = 1943

Scenario 3:

1

p = 2

2

p = 4

3 : α

p = 6

4

p = 4

5

p = 6
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p = 8

7

p = 4

8 : β
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0 P = 37

6 29
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wiCi = 1775
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σ→ σX,Y

Given sequence σ (the WSPT sequence)

J[1, α − 1] J[α, β] J[β + 1, n]

0 P

er > Kr

I try to find sequence σX,Y

J[1, α − 1] X YJ[α, β] \ (X ∪ Y) J[β + 1, n]

0 P

er ≤ Kr

that minimizes
∑

wiCi.

**Remember: Jobs are re-numbered according to WSPT.
**Note: S = X ∪ Y ⊆ H.
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Splitting the Renting interval

Lemma

For each instance of 1|er|
∑
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and
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0 P

er > Kr
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✓
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Let us construct X∗ and Y∗

X Y

α βtα tβ+10 P

κ

ρ1 ρ2

For any given trio of values κ, ρ1, and ρ2, we want to find the best X and Y . And then

X → Xκ,ρ1 and Y → Yκ,ρ2

Xκ,ρ1 and Yκ,ρ2 for every tuple (κ, ρ1, ρ2)

Xκ,ρ1 ∈ arg min
X∈Xκ,ρ1

{fκ(X)} and Yκ,ρ2 ∈ arg min
Y∈Yκ,ρ2

{gκ(Y)}.

Done in O(nP2)→ next slide

We find the optimal triple (κ, ρ1, ρ2)

(κ∗, ρ∗1, ρ
∗
2) ∈ arg min

(κ,ρ1 ,ρ2)|p(J[α,β])−ρ1−ρ2≤Kr
{fκ(Xκ,ρ1 ) + gκ(Yκ,ρ2 )}

Done in O(nP).
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Dynamic programming for computing Xκ,ρ

Computing Xκ,ρ

(Similarly for Yκ,ρ)

θ1,ρ(α − 1, ϱ) =
{

0 if ϱ = 0
∞ otherwise ,

θ1,ρ(j, ϱ) = min


{
θ1,ρ(j − 1, ϱ − pj) + wj · (tα + ϱ) if j ∈ Jo

∞ if j ∈ Jr

θ1,ρ(j − 1, ϱ) + wj · (p(J[1, j]) + ρ − ϱ)

 .

Done in O(nP).

So for all (κ, ρ), the algorithm runs in O(n2P2)?

Done in O(nP2).

1

p = 2

2

p = 4

3

p = 6

4

p = 4

5

p = 6

6

p = 8

7

p = 4

8

p = 3

(2,0)

(2,4)

(2,8)

(3,0)

(3,4)

(3,8)

(4,0)

(4,4)

(4,8)

(5,0)

(5,4)

(5,8)

(6,4)

(6,8) (7,8)

κ = 8, ρ = 8
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Final Result for 1|er|
∑

wjCj and 1|er|
∑

Cj

Lemma

1|er|
∑

wjCj can be solved in O(nP2)-time.

Lemma

1|er|
∑

wjCj can be solved in O(nPW)-time.

Theorem

1|er|
∑

wjCj can be solved in O(nP min{P,W})-time.

Corollary

1|er|
∑

Cj can be solved in O(n2P)-time.
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1||
∑

wjCj + λ · er

The objective

We want to minimize the sum
∑

wjCj + λ · er.

1

p = 2

2

p = 4

3

p = 6

4

p = 4

5

p = 6

6

p = 8

7

p = 4

8

p = 3
6 37

A4 B4

w(A4)p4 − λ · p4︸              ︷︷              ︸
moving A4 forward

− w4P(A4)︸   ︷︷   ︸
moving 4 backward

< 0

→
w4

p4
>

w(A4) − λ
p(A4)

→
w4

p4
≥

w(Jr)
p(Jr)
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p = 4
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6 37

A4 B4
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< 0 →
w4

p4
>

w(A4) − λ
p(A4)

→
w4

p4
≥

w(Jr)
p(Jr)
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1||
∑

wjCj + λ · er for job 4

1

p = 2

2

p = 4

3

p = 6

4

p = 4

5

p = 6

6

p = 8

7

p = 4

8

p = 3
6 37

A4 B4

So, if
w4

p4
>

w(A4) − λ
p(A4)

and
w4

p4
≥

w(Jr)
p(Jr)

,

then 4 is moved before the Renting interval (→ X).

and if

w4

p4
<

w(B4) + λ
p(B4)

and
w4

p4
<

w(Jr)
p(Jr)

,

then 4 is moved after the Renting interval (→ Y).

Otherwise 4 stays inside the Renting interval.
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1||
∑

wjCj + λ · er

Xλ :=
{

j ∈ H :
wj

pj
>

w(Aj) − λ
p(Aj)

and
wj

pj
≥

w(Jr)
p(Jr)

}
,

Yλ :=
{

j ∈ H :
wj

pj
<

w(Bj) + λ
p(Bj)

and
wj

pj
<

w(Jr)
p(Jr)

}
.

Lemma

σXλ ,Yλ is an optimal sequence for 1||
∑

wjCj + er with unit rental cost λ.

Theorem

1||
∑

wjCj + λ · er can be solved in time O(n log n).
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1|er|max Lj
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1|er|max Lj is NP-hard

Partition: Given integer numbers a1, . . . , am, is there a subset of {a1, . . . , am} with total value of B =
1
2

m∑
i=1

ai?

Given an instance of Partition, we construct an instance of 1|er|max Lj with m + 2 jobs as follows:

J = {1, . . . ,m + 2} and Jr = {m + 1,m + 2},

pj = aj and dj = 2B + 1 for each j = 1, . . . ,m,

pm+1 = 1, dm+1 = B + 1, pm+2 = 1 and dm+2 = 2B + 2, and

Kr = B + 2.
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1|er|max Lj is NP-hard

m + 2m + 1 Jobs after m + 1Jobs before m + 1

0 dm+1 = B + 1
dj = 2B + 1

dm+2 = 2B + 2

B B

Claim

There is a feasible schedule with maximum lateness of at most zero if and only if the answer to the instance of
Partition is yes.
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σ→ σX,Y

Given sequence σ (the EDD sequence)

J[1, α − 1] J[α, β] J[β + 1, n]

0 P

er > Kr

I try to find sequence σX,Y

J[1, α − 1] X YJ[α, β] \ (X ∪ Y) J[β + 1, n]

0 P

er ≤ Kr

that minimizes max Lj.

**Remember: Jobs are re-numbered according to EDD.
**Note: S = X ∪ Y ⊆ H.
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Splitting the Renting interval

Lemma

For each instance of 1|er|max Lj there exists X∗,Y∗ ⊆ H with max X∗ < min Y∗ such that σX∗ ,Y∗ is optimal.

The benefit is that it shows: there is κ∗ such that

X∗ ⊆ H ∩ J[α + 1, κ∗ − 1]

and
Y∗ ⊆ H ∩ J[κ∗, β − 1].

J[1, α − 1] J[α, β] J[β + 1, n]

0 P

er > Kr

κ∗

✓
✓

×
×

**Remember: Jobs are re-numbered according to EDD.
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Let us construct X∗ and Y∗

X Y

α βtα tβ+10 P

κ

ρ1 ρ2

For any given trio of values κ, ρ1, and ρ2, we want to find the best X and Y . And then

X → Xκ,ρ1 and Y → Yκ,ρ2

Xκ,ρ1 and Yκ,ρ2 for every tuple (κ, ρ1, ρ2)

Xκ,ρ1 ∈ arg min
X∈Xκ,ρ1

{f ′κ (X)} and Yκ,ρ2 ∈ arg min
Y∈Yκ,ρ2

{g′κ(Y)}.

Done in O(nP)→ next slide

We find the optimal triple (κ, ρ1, ρ2)

(κ∗, ρ∗1, ρ
∗
2) ∈ arg min

(κ,ρ1 ,ρ2)|p(J[α,β])−ρ1−ρ2≤Kr
{max{f ′κ (Xκ,ρ1 ), g′κ(Yκ,ρ2 )}}

Done in O(nP).
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Dynamic programming for computing Xκ,ρ

Accelerated jobs do not have maximum lateness

Jobs in X do not imply maximum lateness since dα ≤ dj and Cα ≥ Cj for each j ∈ X.

Computing Xκ,ρ (Similarly for Yκ,ρ)

θ3(α + 1, ρ) =
{

p(J[1, α]) − dα if ρ = 0
∞ otherwise ,

θ3(κ + 1, ρ) = min


max
{
θ3(κ, ρ),
p(J[1, κ]) − dκ

}
,{

θ3(κ, ρ − pκ) + pκ if κ ∈ Jo

∞ if κ ∈ Jr

 .

Done in O(nP).
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1|er|
∑

wjUj
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Structure of optimal schedules

⊆ E ∩ Jo ⊆ E ∩ J T ∩ Jr ⊆ E ∩ Jo T ∩ Jo

er

0 P

X Y Jr \ Y Z J \ (Jr ∪ X ∪ Y ∪ Z)

0 P

X∗ Y∗ Jr \ Y∗ Z∗ J \ (Jr ∪ X∗ ∪ Y∗ ∪ Z∗)

er

0 P

α β

Lemma

For each instance of 1|er|
∑

wjUj there exist disjoint sets X∗,Y∗,Z∗ ⊆ J such that the sequence σX∗ ,Y∗ ,Z∗ is
optimal and, moreover,

1 all jobs in X∗ ∪ Y∗ ∪ Z∗ are non-tardy in σX∗ ,Y∗ ,Z∗ ,

2 (X∗ ∪ Z∗) ∩ Jr = ∅, and

3 max(X∗ ∪ (Y∗ ∩ Jo)) < κ ≤ min Z∗.
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Let us construct X∗, Y∗, and Z∗

X Y′ Y′′ Jr \ Y Z J \ (Jr ∪ X ∪ Y ∪ Z)

er

0 Pα ≥ κ β

Xκ,ρ1 ,ρ2 , Y′′κ,ρ1 , andZκ,ρ2 for every tuple (κ, ρ1, ρ2)

Xκ,ρ1 ,ρ2 =


(X,Y′)

∣∣∣∣∣∣∣∣∣∣∣∣∣
X,Y′ ⊆ J[1, κ − 1], X ∩ Y′ = ∅ = X ∩ Jr ,∑
j′∈X∪Y′:j′≤j

pj′ ≤ dj,∀j ∈ X ∪ Y′,

p(Y′ ∩ Jo) ≤ Kr − p(Jr),
p(X ∪ Y′) = ρ1, ρ1 + p(Jr \ Y′) = ρ2


Y′′κ,ρ1 =

Y′′
∣∣∣∣∣∣∣∣ Y′′ ⊆ Jr[κ, n], ρ1 +

∑
j′∈Y′′:j′≤j

pj′ ≤ dj,∀j ∈ Y′′


Zκ,ρ2 =

Z
∣∣∣∣∣∣∣∣ Z ⊆ Jo[κ, n], ρ2 +

∑
j′∈Z:j′≤j

pj′ ≤ dj,∀j ∈ Z


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Let us construct X∗, Y∗, and Z∗

Optimal job sets for given triple (κ, ρ1, ρ2) ∈ Ξ

(Xκ,ρ1 ,ρ2 ,Y
′
κ,ρ1 ,ρ2

) ∈ arg max
(X,Y′)∈Xκ,ρ1 ,ρ2

w(X) + w(Y′),

Y′′κ,ρ1 ∈ arg max
Y′′∈Y′′κ,ρ1

w(Y′′), and

Zκ,ρ2 ∈ arg max
Z∈Zκ,ρ2

w(Z)

We find the optimal triple (κ, ρ1, ρ2)

(κ∗, ρ∗1, ρ
∗
2) ∈ arg max

(κ,ρ1 ,ρ2)∈Ξ
{w(Xκ,ρ1 ,ρ2 ) + w(Y′κ,ρ1 ,ρ2 ) + w(Y′′κ,ρ1 ) + w(Zκ,ρ2 )}

Done in O(nP4).
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Results
Problem γ Complexity

1||γ

∑
Cj O(n log n) (Smith [4])∑
wjCj O(n log n) (Smith [4])

max Lj O(n log n) (Jackson [2])∑
wjUj O(nP) (Lawler and Moore [3])

1|er|γ

∑
Cj O(n2P)∑
wjCj O(nPmax(P,W))

max Lj O(nP)∑
wjUj O(nP4)

1|γ|er

∑
Cj O(n2P)∑
wjCj O(nPmax(P,W))

max Lj O(nP)∑
wjUj O(nP4log(P))

1||(γ, er)

∑
Cj O(nP2)∑
wjCj O(nP2)

max Lj O(nP2)∑
wjUj O(nP5)

1||γ + er

∑
Cj O(n log n)∑
wjCj O(n log n)

max Lj O(nP2)∑
wjUj O(nP5) 32 / 35
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Future Research

Multiple machines

Multiple resources

Multiple renting intervals

Specific applications...?
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