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Vehicle Routing Problems (VRP)
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Capacitated VRP (CVRP)
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• Given a set of customers, considering the vehicle capacity, 
CVRP determines
- Which customer is served by which vehicle

- In what order

- To minimize the total distance traveled



A Practical VRP
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A Practical VRP
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A Practical VRP
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Vehicle Routing Problems
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• NP-hard Combinatorial Optimization, in general 

• Algorithms:

– Exact Methods: Theory-based / Branch-and-Cut, Branch-and-

Price, Branch-Cut-and-Price

–Metaheuristics: Genetic Algorithm, Large Neighborhood Search 

– Local Search Methods

– Deep Learning Methods (Neural Combinatorial Optimization)



Generative Models for Translation
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• "the cat sat on the mat" 

                       à [generative model] 

                                              à "le chat etait assis sur le tapis”

• ”[1 2 3 4 5 6 7 8 9]” à [generative model] à ”[9 3 2 8 4 5 1 6 7]”



Traveling Salesman Problem
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• Given n cities, find the shortest tour visiting all cities

1

2

3
4

5

6

7

8

9



Traveling Salesman Problem
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Attention Model (AM) for TSP
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• Transformer-like 

encoder/decoder

• Kool et al. (2019) ICLR

• Each time, the node with 

the highest probability is 

chosen as the next city.
https://github.com/wouterkool/attention-learn-to-route 

https://arxiv.org/abs/1803.08475
https://arxiv.org/abs/1803.08475
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route
https://github.com/wouterkool/attention-learn-to-route


End-to-End Learning 
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• Learning a heuristic algorithm

• Providing an approximate solution
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An Example: TSP with Drone
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• A collaborative delivery between a truck and a drone



A Hybrid Model for TSP-D
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• Attention Encoder

• LSTM Decoder

• Input:
– Graph encoding

– Node encoding

– Traverse time

• Output: 
– Node choice probabilities Multi-Head Attention Encoder

LSTM 
Decoder

Bogyrbayeva et al. (2023) Transportation Research Part C
http://dx.doi.org/10.1016/j.trc.2022.103981  

http://dx.doi.org/10.1016/j.trc.2022.103981


Toy problems with 11 nodes

17

Bogyrbayeva et al. (2023) Transportation Research Part C
http://dx.doi.org/10.1016/j.trc.2022.103981  

http://dx.doi.org/10.1016/j.trc.2022.103981


Toy problems with 11 nodes
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Bogyrbayeva et al. (2023) Transportation Research Part C
http://dx.doi.org/10.1016/j.trc.2022.103981  

http://dx.doi.org/10.1016/j.trc.2022.103981


Pros and Cons of End-to-End Learning

19

• Pros

– Fast computation

– Parallelizable on GPU

• Cons

– Quality solutions, but not as good as mathematical optimization

– Long training time



Learning-Optimization Hybrid Method

20

• For an optimization algorithm, replace a human-designed 

component with a learning model

1. Heuristics + Learning Model

2. Meta-heuristics + Learning Model

3. Exact algorithms + Learning Model



Heuristics and Metaheuristics

with Learning
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1. Heuristic + Learning
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• ML model guides heuristic algorithms for faster 

computation

Lee, Kim, Kim, Park, Kwon (2025) The Iterative Chainlet Partitioning Algorithm for the Traveling 
Salesman Problem with Drone and Neural Acceleration, preprint. https://arxiv.org/abs/2504.15147 

https://arxiv.org/abs/2504.15147


Exact Partitioning (EP)
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• Given a TSP tour, partition nodes to truck nodes and drone nodes, 
while respecting the orders



An Iterative Method
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Can we make it faster?
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• To save computation time in ICP, instead of directly executing 
dynamic programming to obtain an improvement, the value is 
predicted through a graph neural network. 

GT Graph
Norm

× 4

Encoder

Graph
Readout Linear

Decoder

Cost
Prediction

Chainlet "! Graph #!



Heuristic + Learning
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• ML model guides heuristic algorithms for faster 

computation



2. Meta-Heuristic + Learning
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• ML model replaces computationally expensive components 

in meta-heuristics
Chromosome
(Assignment)

CVRP
(Routes)

MD-VRP Cost Evaluation

1 1 1 2 3 3 2 3 1 2

MD-VRP Cost Evaluation

1 2 3 1 3 2 2 1 1 2

MD-VRP Cost Evaluation

3 1 2 1 1 2 3 3 1 1

MD-VRP Cost Evaluation

1 3 2 2 3 3 1 1 2 2

Deep Neural Network Model
(Neural Surrogate)

Sobhanan, Park, Park, Kwon (2025) Genetic Algorithms with Neural Cost Predictor for Solving Hierarchical Vehicle Routing 
Problems, Transportation Science, 52(2), 322–339 https://doi.org/10.1287/trsc.2023.0369 

https://doi.org/10.1287/trsc.2023.0369


Multi-Depot VRP
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(i) Customer-Depot Assignment
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(ii) Routing
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(i) Customer-Depot Assignment
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Another Trial



(ii) Routing
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Another Trial



Genetic Algorithms with Neural Cost 
Predictor (GANCP)
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• ML model replaces computationally expensive components 

in meta-heuristics
Chromosome
(Assignment)

CVRP
(Routes)

MD-VRP Cost Evaluation

1 1 1 2 3 3 2 3 1 2

MD-VRP Cost Evaluation

1 2 3 1 3 2 2 1 1 2

MD-VRP Cost Evaluation

3 1 2 1 1 2 3 3 1 1

MD-VRP Cost Evaluation

1 3 2 2 3 3 1 1 2 2

Deep Neural Network Model
(Neural Surrogate)



Results
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Where are we heading?
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Classical methods are strong baselines
• As an automated heuristic, a deep learning method can be directly applied to 

different problems.

• However, they often underperform classical optimization methods for each problem.

Deep learning
methods

Berto et al. (2025) RL4CO, https://arxiv.org/abs/2306.17100 

N=50. Gaps are in %, compared to the best exact or heuristic optimization algorithms

https://arxiv.org/abs/2306.17100


Automated Algorithm Development
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A Foundational 
Neural Network 

Model
For

Combinatorial 
Optimization

TSP

Vehicle Routing

Bin Packing

Scheduling

and their 
variants

…

Solution
Automated 
Improving 

Search



Test-Time Search
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Attention Model (AM) for TSP
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• Transformer-like 

encoder/decoder

• Kool et al. (2019) ICLR

• Each time, the node with 

the highest probability is 

chosen as the next city.



Decoding Strategies
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• Greedy Decoding

• Beam Search

• Sampling 

• Top-k

• Top-p



Decoding Strategies
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• Greedy Decoding

• Beam Search

• Sampling 

• Top-k

• Top-p

Beam size = 2



Decoding Strategies
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• Greedy Decoding

• Beam Search

• Sampling: the next one is chosen randomly among 
candidates
– Top-k sampling: among top k candidates

– Top-p sampling: among top candidates whose total probabilities 
is no greater than p.



Neural Genetic Search
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• Using the exploration power of genetic search methods 
without additional neural network training

• A universally applicable for various discrete optimization 
problems

Kim, Choi, Son, Park, Kwon (2025), Neural Genetic Search in Discrete Spaces, ICML 2025, 
https://arxiv.org/abs/2502.10433 

https://arxiv.org/abs/2502.10433


Genetic algorithms (GA) for routing
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• Genetic algorithms have been widely studied in routing
e.g., EAX (for TSP), HGS (for CVRP), PyVRP, and Compass (for orienteering problem)

• Procedure

– Step 1. Initialize populations

– Step 2. Reproduce individuals (offspring)
• Step 2-1. Select a mating pool

• Step 2-2. Crossover

• Step 2-3. Mutate

– Step 3. Select the next population & repeat Step 2
Image source: https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/ 

https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/
https://www.linkedin.com/pulse/genetic-algorithm-casting-gating-system-design-yokesh-kumar-d1vkc/


Problem-specific crossover operators 
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(Key idea) Replace the handcrafted design of crossover & mutation with deep learning
Edge assemble crossover (EAX) for TSP (Nagata and Kobayashi, 2013)

• Powerful, but the operators are problem-specific and complicated



Our method: Neural Genetic Search
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“Automated design of crossover & mutation with deep 
learning”

• Assume that we have the trained neural network 𝑝!∗
– We can flexibly choose any constructive deep learning method for base

• Rethinking crossover and mutation
– Meaning of “crossover”: to generate new samples by recombining 

parents 

⇒ Generate new samples conditioned on parents



Parent-Conditioned Generation
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Parent 𝝅!Parent 𝝅"

Population Offspring 𝝅 ∼ 𝑝#∗ 𝝅|𝐸"!; 𝐺

𝐺"! = 𝑉, 𝐸"!

• How can we sample from 𝑝𝜃∗(𝝅|𝝅𝐴,𝝅𝐵,𝐺)?

– Similar to EAX,  define the overlapped edge set 𝐸𝐴𝐵 = 𝐸𝐴 ∪ 𝐸𝐵

– 𝐸𝐴 and 𝐸𝐵 are sets of edges consisting the parent tours 𝝅𝐴 and 𝝅𝐵

• An offspring tour consists of edges in 𝐸𝐴𝐵
⇒ an additional masking rule for offspring generation



NGS outperforms other search methods
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NGS outperforms other search methods
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NGS outperforms other search methods
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NGS applied in other domains
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• Requirements:

1. A trained neural network model to solve your problem

2. Tokenizerable solutions

• In routing problems, a token = an edge.



Applications of Neural Genetic Search
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Routing Problems

Language Models

Molecule Design



Exact Mathematical Optimization 

with Learning
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Learning-Optimization Hybrid Method
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• For an optimization algorithm, replace a human-designed 

component with a learning model

1. Heuristics + Learning Model

2. Meta-heuristics + Learning Model

3. Exact algorithms + Learning Model



3. Exact Method + Learning
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• Modern MIP Optimization Solver: Branch-and-Cut

– How to Branch? (Branch-and-Bound Tree Exploration)

– How to Cut? (Cutting Plane)

Kim, Park, Kwon (2024) A Neural Separation Algorithm for the Rounded Capacity Inequalities, 
INFORMS Journal on Computing, 36(4), 987–1005. https://doi.org/10.1287/ijoc.2022.0310 

https://doi.org/10.1287/ijoc.2022.0310


Capacitated VRP (CVRP)
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• Given a set of customers, CVRP determines

- Which customer is served by which vehicle

- In what order

- To minimize the total distance traveled



Current State
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• Can we find provably optimal solutions to CVRP?

• n < 100, early 2000’s

– Branch-and-Cut

• n < 300, in 2010’s

– Branch-Cut-and-Price

(X-instances, as of October 10, 2025)



Traveling Salesman Problem (TSP)
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• Exact solutions
– 80 cities – mid 1960s

– 318 cities – 1980

– 666 cities – 1987

– 2,392 cities – 1987

– 3,038 cities – 1989

– 13,509 cities – 1998

– 15,112 cities – 2001

– 24,979 cities – 2004 

– 85,900 cities – 2005 to 2006 

Branch-and-Bound
Cutting Plane Method
Separation Algorithms
Heuristic Algorithms

CVRP

1,000 cities: solved in  about 30 
seconds in my laptop



Provably Optimal Solution
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A good UB is 
found very 
quickly 
usually.

LB improves 
slowly.

If UB meets LB, then it proved optimal. 
This can take days and years.



Cutting Plane Algorithm

• How to separate fractional solutions and generate new cutting planes?

60



Rounded Capacity Inequalities (RCI)
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• IP Formulation:

Rounded Capacity Inequality (RCI) replaces (3)



RCI Example
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• Suppose all demands are 1, and the vehicle capacity = 6.

A feasible solution is given.



RCI Example
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• Suppose all demands are 1, and the vehicle capacity = 6.

<latexit sha1_base64="deMVPvGrYGKOWe/XR2y9Hlm8Sxw="></latexit>

How to find S for which x̄ violates the RCI?

<latexit sha1_base64="1NkWWt7V/+ZJWT0RHlT9l43FJZ8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildi+gOnua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/Y xqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGm5o/K</latexit>

x̄
<latexit sha1_base64="kg8UnzHFmND8F7hMIVhQS6+HjsE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPOAZAmzk04yZHZ2nZkNhiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4f1HWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJ36jREqzSP5YMYx+iHtS97jjBor+e2AqvRp0kFyTbxOseSW3RnIMvEyUoIM1U7xq92NWBKiNExQrVueGxs/pcpwJnBSaCcaY8qGtI8tSyUNUfvp7OgJObFKl/QiZUsaMlN/T6Q01HocBrYzpGagF72p+J/XSkzvyk+5jBODks0X9RJBTESmCZAuV8iMGFtCmeL2VsIGVFFmbE4FG4K3+PIyqZ+VvYvy+f15qXKTxZGHIziGU/DgEipwB1WoAYNHeIZXeHNGzovz7nzMW3NONnMIf+B8/gDMCJF4</latexit>

x̄e = 1
<latexit sha1_base64="Kk3O+NRSscBUlo8u1w415Wqs0j0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyGR+tgIRTcuK9gHtCFMptN26GQSZiZiDf0SNy4UceunuPNvnLZZaOuBC4dz7uXee8KEM6Vd99sqrKyurW8UN0tb2zu7ZXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHQz9VsPVCoWi3s9Tqgf4YFgfUawNlJgl7shltnjJKDoCrnOWWBXXMedAS0TLycVyFEP7K9uLyZpRIUmHCvV8dxE+xmWmhFOJ6VuqmiCyQgPaMdQgSOq/Gx2+AQdG6WH+rE0JTSaqb8nMhwpNY5C0xlhPVSL3lT8z+ukun/pZ0wkqaaCzBf1U450jKYpoB6TlGg+NgQTycytiAyxxESbrEomBG/x5WXSPHW8c6d6V63UrvM4inAIR3ACHlxADW6hDg0gkMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPK2+SHw==</latexit>

x̄e = 0.5



RCI Example
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• Suppose all demands are 1, and the vehicle capacity = 6.

<latexit sha1_base64="1NkWWt7V/+ZJWT0RHlT9l43FJZ8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildi+gOnua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/Y xqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGm5o/K</latexit>

x̄
<latexit sha1_base64="kg8UnzHFmND8F7hMIVhQS6+HjsE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBPOAZAmzk04yZHZ2nZkNhiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4f1HWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJ36jREqzSP5YMYx+iHtS97jjBor+e2AqvRp0kFyTbxOseSW3RnIMvEyUoIM1U7xq92NWBKiNExQrVueGxs/pcpwJnBSaCcaY8qGtI8tSyUNUfvp7OgJObFKl/QiZUsaMlN/T6Q01HocBrYzpGagF72p+J/XSkzvyk+5jBODks0X9RJBTESmCZAuV8iMGFtCmeL2VsIGVFFmbE4FG4K3+PIyqZ+VvYvy+f15qXKTxZGHIziGU/DgEipwB1WoAYNHeIZXeHNGzovz7nzMW3NONnMIf+B8/gDMCJF4</latexit>

x̄e = 1
<latexit sha1_base64="Kk3O+NRSscBUlo8u1w415Wqs0j0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyGR+tgIRTcuK9gHtCFMptN26GQSZiZiDf0SNy4UceunuPNvnLZZaOuBC4dz7uXee8KEM6Vd99sqrKyurW8UN0tb2zu7ZXtvv6niVBLaIDGPZTvEinImaEMzzWk7kRRHIaetcHQz9VsPVCoWi3s9Tqgf4YFgfUawNlJgl7shltnjJKDoCrnOWWBXXMedAS0TLycVyFEP7K9uLyZpRIUmHCvV8dxE+xmWmhFOJ6VuqmiCyQgPaMdQgSOq/Gx2+AQdG6WH+rE0JTSaqb8nMhwpNY5C0xlhPVSL3lT8z+ukun/pZ0wkqaaCzBf1U450jKYpoB6TlGg+NgQTycytiAyxxESbrEomBG/x5WXSPHW8c6d6V63UrvM4inAIR3ACHlxADW6hDg0gkMIzvMKb9WS9WO/Wx7y1YOUzB/AH1ucPK2+SHw==</latexit>

x̄e = 0.5

<latexit sha1_base64="deMVPvGrYGKOWe/XR2y9Hlm8Sxw="></latexit>

How to find S for which x̄ violates the RCI?



NeuralSEP
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• How to determine a subset S that violates the RCI?



Results
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Results
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Test-Time Search
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Sim, Kim, Kwon (2025) Test-Time Search in Neural Graph Coarsening Procedures for the 
Capacitated Vehicle Routing Problems, https://arxiv.org/abs/2510.00958 

• GraphCHiP: Graph Coarsening History-based Partitioning 

Algorithm
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Results
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Topics Covered
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• For an optimization algorithm, replace a human-designed 

component with a learning model

1. Heuristics + Learning Model

2. Meta-heuristics + Learning Model

3. Exact algorithms + Learning Model

+ Test-Time 
Search



Basic Research Lab

71

• Deep Learning Foundation Model for Combinatorial Optimization 
and Its Applications to Various Industrial Problems

Jinkyoo Park

Changhyun Kwon

Woonam Hwang

Sungbin Lim
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